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NEW WORK FOR UPPER AND MIDDLE.CLASS SCHOOLS. 

By B. T. STEVENS, A.Ka, London. 

AND 

CHARLES HOLE, P.R.G.S. 
£dUorsqf*The Grade Lesson Boois^* < TAe Advanced Lesson Books! ^c 

It has been suffg^ested by numerons teachers of upper and middle-class schools 
that the carefully ipraduated system of teachin^r to read and spell adopted in 
the ' Grade Lesson Books,' and highly approved by the teachers of elementary 
schools under Government inspection, would find equal favour amonj^ 
teachers of schools of a higher class, as the principles of education are the 
same for the rich as for the poor. 

Certain features of the * Grade Lesson Books,' however (as, for instance), the 
writing and arithmetical exercises, which make them peculiarly useful in 
elementary schools for the poor, render them at the same time unsuited to 
others. In accordance with these suggestions, the Editors have resolved to 
publish a new series of reading and spelling books especially designed for 
upper and middle-class schools, to be called 

THE COMPLETE READER, 

In Four Books : Being a carefully graduated System of icachinjij to 
Boadand Spell by meanB of Attractivo and Instructive Lessons, dcaigued 
for ITppor and Middle-Class Schools. By E. T. Stevjsns, A.K.C. 
London. Head Mastor, Cathedral School, Bristol, and Chables Uolk, 
F.B.G-.S. Head Master, Loughborough Collegiate School, Brixton ; laio 
Head Master S. Thomases Collegiate School| Colombo, Ceylon ; Ediiord 
of ' The Grade Lesson Books.' 

Book I.— The Pbimaby Keadeb ; a Course of Progressive Bcadiii;r 
and Spelling Lessons in MonosyUableB and DissyllableB (Prose 
and Poetry). 

Book II.— The Iktebhediate Beabeb ; a Course of Progressive 
Beading and Spelling Lessons (Prose and Poetry). 

Book III. — The Exehplab of Style ; a Course of Boading Lesson:*, 
with Definitions, &o, consisting of careful Selections from the 
English Classics and Current Literature (Prose and Poetry). 

Book lY. — The Sei^iob-Class Beadeb ; a Course of Lessons, witJi 
Definitions, &o. in History, Geography, Literature (Prose and 
Poetry), and Science, selected m>m the Works of the most 
Eminent Writers. 

The Primary Beader and the Intermediate Beader have been pro- 
duced to enable the pupil, by systematic and carefid gradation, to read 
with case, fluency, and expression ; and to acquire from the first a habit 
of'Corrcct SpelUng. 

The Exemplar of Style, while attending to these points, is designed 
for the cultivation of tne pupil's licrary taste. 

The Senior-Class Beader is intended to continue this training, pre- 
senting, at the same time, more solid and direct instruction in yarious 
importont branches of knowledge. 
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PREFACE. 



The present Introduction has resulted not from 
theorizing on what may be expedient, but from long 
experience of what is needful. The author has, from 
time to time, had applications for assistance in the 
study of such treatises on the Conic Sections as thos^ 
of Salmon, Hymers, Puckle, and Todhunter. He has 
accordingly ascertained the nature of the difficulties 
that perplex and discourage many readers of those 
treatises, and has endeavoured in this publication to 
provide a first course of lessons and exercises which, 
he thinks, cannot fail of qualifying the young student 
for reading with intelligence and profit the masterly 
works referred to. Todhunter's book is especially 
recommended as the most appropriate sequel to this 
Introduction. 

It should be remarked that the name Conic Sections 
chiefly refers to the Ellipse, Hyperbola, and Parabola, 
as curves that can be obtained by means of a right 
cone variously Intersected by a plane. 

Loin)ON: October , 1866. 
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COOBDINATES OP A PoiNT, 

2. In Plane Geometry tHe term Ordmate means one of 
any number of parallel lines drawn from snecessiye points 
in one plane, to meet a straight line in the same plane 
perpendicularly or at any angle. 

In the following diagrams, OX and OY are intersecting 
straight lines. The snecessiye lines PL, QM, BN, YO are 
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drawn ordmateh/^ or in parallel succession, to meet OX ; and 
the lines DR, OQ, BP, OX are drawn ordmately to OY. In 
one of the diagrams the parallels are perpendLcnlar to the 
line they meet ; in the other they are oblique. 

2. The lines PL, PB, being both, dcvwn isoisi ^^ «c^ 



2 CONIC SECTIONS. 

togetlier called Coordmates of that point ; in like manner, 
QM, QC are coordinates of tlie point Q ; and so forth. 

But the term ordinate is usually restricted to the lines 
that are parallel to OY ; and instead of those parallel to OX 
we use the equivalent magnitudes OL, OM, ON, which, as 
being portions of OX cut off by the ordinates, are called 
ahscissoB, and each of them an abscissa. Thus, QM is the 
ordinate and OM the abscissa of the point Q ; and OM, QM 
are the coordinates of that point. 

3. If J in one plane, two unlimited straight lines, X'X, TY', 
be drawn intersecting, at any angle, at the fixed point O, 
the position of any other point in 

the plane may be referred to these 
lines, and expressed in terms sup- 
plied by them. For a point must 
be on the right or on the left of 
YY', or else in the line IT' ; and ^' 
must also be above or below X'X, 
or else in the line X'X. Thus, the 

point P is situated on the right of Y'Y, and above 
X'X ; that is, it is within the angle YOX ; and if the lengths 
of PN" and PM be known to be, respectively, 4 and 3, then, 
measuring 0M=4 from towards X, and 01^=3 from O 
towards Y, we shall have indicated, by means of X'X and 
YY', the position of P, viz. that P's position is at the inter- 
section of lines drawn respectively parallel to OY and OX 
from the points M and N. 

4. The lines YOY' and X'OX are called the Axes of Coordi- 
nates ; the former, by itself, the axis of ordinates, as being 
the line on which ordinates are measured ; the latter, by 
itself, the axis of abscissas, as being the line on which 
abscisssB are measured. 

But, in general reasonings, an unknown or variable ab- 
scissa is denoted by the letter x, and its corresponding ordi- 
nate by the letter y ; and therefore it is usual to call the axis 
of abscisssB the axis of x, and that of ordinates the axis of y. 




COORDINATES OF A POINT. 8 

The point 0, where the coordinates intersect, is called the 
Origi/n of Ooordmates, because we are to suppose the lines 
OX, OX', OY, OY' aU to be drawn from ; OX to the 
right, OX' to the left, OY upwards, OY' downwards. 

The coordinates are called Eectangula/r or Oblique, accord- 
ing as they do or do not intersect at right angles. 
. In the foUowing part of this introductory treatise, we 
shall always suppose the axes to be rectomgular, 

8> The position, then, of P is known, if OM and PM are 
known. Suppose that the lengths 
of these coordinates are, respec- 
tively, a and & ; we characterise 
the position of P thus,aj=a, y=&, 
which are called equations to the £; — ; 
point P. 



N 



M 



For shortness, we often speak s 

of the point (a, J), meaning the !•< 

point which has a for the length 
of its abscissa, and h for that of its ordinate. So, the point 
(4, 3) means the point whose coordinates are 85=4, ^=3. 

6. Suppose it is required to determine the geometrical 
position of the point (—10, 7). 

Here, since «=— 10, and y=7, we take 0^=7 iifward 
from the origin, and OL=10 to the left of the origin ; and, 
completing the parallelogram OR, we obtain R, the required 
position, which is within the angle YOX'. This procedure 
will be readily understood by the student who has read 
Chap. I. of the Author's Treatise on Trigonometry. The 
point being the fixed origin of coordinates, an abscissa 
measured to the right of 0, viz. along OX, is accounted posi- 
tive ; one measured to the left of 0, viz. along OX', is there- 
fore negative ; and, in like manner, an ordinate measured 
upwards from 0, along OY, being accounted positive, one 
measured downwards from 0, viz. along OY', is to be 
accounted negative. 

b2 



4 CONIC SECnONS. 

Suppose the absolute magnitude of OL=:tliat of OM=10, 
and the absohite magnitude of OK=that of 01^=7 ; then, 
according to the above conventional understanding, the 
point P is (10, 7), Q is (10, -7), R is (-10, 7), S is 
(-10,-7). 

K a point whose abscissa is = a be situated on the line OX, 
then the equations of the point are aj=a, 2/=0, or the point 
is (a, 0). And if a point whose ordinate is =6 be situated 
on OY, the equations are x=:0,y=h, or the point is (0, 6). 
If the point be situated on both axes, it is, of course, their 
point of intersection, viz. the origin, which is characterised 
by the equations a;=0, ^=0. 



Equation to the Straight Line. 

7- If OM=a, and PM=&, the coordinates of every point 
in the unlimited line OP are in the ratio of a lb. Thus, by 
similar triangles, 

PM QL RN & M y h h 

7vrr=^=7vKT=->op generaaly^=-, opy=-aj: 
OM OL ^^ a ^ ^ X a, ^ a 




where it should be observed that - is an expression for 



a 



the tangent of the angle which OP makes with the axis of 
xm the jposithe direction, thaf is, of the angular distance of 
OP from OX measured towards OY. 



EQUATION TO THE STBAIQHT LINE. 5 

Fop the prolongation of OP downwards, if OM' be taken 
= - a, then S'M'= - &, and the tangent of S'OX'=^= - = 

tan POX. 

It appears, then, that the equation y^=s-x is satisfied by 

every point on the nnlimited line S'OB. 

If 0M'=— a, and SM'=6, the coordinates of every point 
on the nnlimited line OS are, as regards absolute magni- 
tude, in the ratio of alh; but if the expression for the 
ratio is to include reference to the line's position, we must 

now write 2-- or— - , that is, y= xi which sig- 

X —a a a 

nifies that the tangent of the angle which SO makes with 
the axis of a;, m the jposiUve direction (viz. of the angle SOX, 

not SOX'), ifl=--. 

a 

For the prolongation of SO downwards, we have OM=a, 

andPliis— 6 and the tangent of P'OX= — or , = tan 

a a 

SOX. 

It appears, then, that the equation ^= — - a; is satisfied 

a 

by every point on the unlimited line POS. 

8. To find the general HquaUon to a Straight Lvne^ referred 
to rectangular aaes. 

The position of a straight line in relation to the axes is 
determined, when we know the inclination to OX of that 
part of the line which is above X'X, and also the distance of 
the line's intersection with YY' fix)m the origin 0, 

In the last article we found the jpartUmlar equation 
characterising a straight line that intersects with YY' at the 
origin. That equation may be written y=wiaj; where m 
denotes the tangent of the line's inclination to OX ia -^^ 
positive direction. 
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But, now, let AT be a 
straiglit line, of indefinite 
lengtii, meeting the axis of 
y at B. 

Draw OF, througli the 
origin, parallel to AT. In x' 
AT take any point Q ; and 
draw QM parallel to OY, meeting OX at M, and OF at P. 

?^=tanFOX; .•.PM=OM tan FOX; 
OM 

QM=PM+PQ=PM+OB ; 
/. QM= OM tan FOX+ OB. 

Hence, if OB, which is called the mtercejpt on the axis of y, 
be given in length =c, and tan FOX, or tan TAX, =w, 
and if the coordinates of the point Q be a;, ^, then the 
equation to the straight 
line AT wiU be 

Suppose the line AT 
still to cut the axis of y 
above X'X, but to make 
the angle TAX obtuse ; 
then the tangent of that 

angle wiU be negative, and m in the above equation stands 
for a negative quantity, c being stiU positive. 

Suppose the line AT to 
cut the axis of y below X'X, ^ 

and to make the angle TAX 
acute ; then we have QM^ 
PM-PQ=PM-OB, 
or, QM=OM tan FOX-OB; 
and in this instance the sym- 
bol m stands for a positive 
quantity, and c for a nega- 
tive. 

Lastly, suppose the line AT to cut the axis of y below X'X, 





EQUATION TO THE STRAIGHT LINE, 



and to make tlie angle TAX ob- ^ 
tose ; we shall then have m and 
c both standing for negative .f 
quantities. 

Thus, then, if the absolute £ 
magnitude of w, in each of the 
particular cases supposed, were 

= - , and that of c were =rt, 
a 

the four varieties of lines would be represented as fol- 
lows : 




(i.) y=-x+n, 
a 



(ii.) y= x+n, 

a 



(iii.) y=-.aj-7i. (iv.) y=-^ -.x-n. 

a a 

So long as the same straight line, unrestricted as to 
length, is considered, the quantities m and c represent 
definite magnitudes, and are therefore called constcmis; 
while X, or y, is arbitrary, and may have an indefinite variety 
of values, to which y, or x, wiU have the same variety of 
correspondmg values ; the symbols x and ^, therefore, are 
called vwriahles. 

9. Observe how the general equation 

y^mx+c 
provides for the following cases : 

K the line pass through the origin of coordinates, then 
c=0, and the equation becomes 

y=mx, as formerly found. 

K the line be parallel to the axis of x, it makes no geo* 
metrical cmgle with that axis ; then m=0, and the equation 
becomes 

which signifies that the ordinate of cm/ point on the line 
is =c. 

If the line be parallel to the axia oi •y,>iJDL«ii^^'i?^Msa.*QE«k 
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axes are rectangular, m is the tangent of a right angle, and 
is therefore infinite, and the required line will not cut off 
any intercept from the axis of y, so that c also is infinite, 

and if a he any abscissa, positive or negative, then- , which 

a 

is also infinite, is equivalent to m ; we shall thus have 

yss-x+Cy or ^=aj+a, or 0=aj+a, 
a c 

a 

hence, as a may be positive or negative, the equation will 
be 

which signifies that the abscissa of any point on the line 
is =a. 

The case, however, of a line parallel to the axis of 1/ is 
very simply investigated by itself. For we need only say, 
Let a be the abscissa for one point on the required line, 
and X the abscissa of any point on the line ; and we have 

10> The Equation to a Straight Line that makes vntercejpts 
on the axes may he expressed in terms of the vntercejpts. 

Let AB be a straight line cutting 
the axes at A and B ; and let the inter- 
cepts OA, OB be respectively equal to 
a and h ; then m, the tangent of BAX, 

= , and c=OB=&; and the equa- 

a 



tion 



y^mx+c 




becomes y= — x+h, or-iB + y=6; 

a a 

then dividing by h gives 

-+|=sl, the required equation. 

11. It has now become evident that any straight line 
can be represented by an equation of the first degree. 



EQUATION TO THE STBAiaHT LINE. 9 

We can prove also that any equation of the first degree 
'will serve to represent a straight line. 

Eor, an equation of the first degree being one into whose 
simple form there does not enter any power of an nnknown 
quantity higher than the first power, or any product of un- 
known quantities, the general form of the indeterminate 
equation of the first degree is 

Aaj+B 2^+0=0; 

where A, B, G may be finite or zero. 

C 

When A is zero, we have B y=— 0, ory=— =; which, 

B 

as we have seen, represents a straight line parallel to the 
axis ofx. 

When B is'zero, we have A «= — 0, or «= — -j- ; which, as 

A 

we have seen, represents a straight line parallel to the axis 

ofy. 

If B is not zero, then, dividing by B, we have 

A , ^0 ^ AC 

3«+y+3=0, or, y = -.gaj-^. 

which, as we have seen, represents a line meeting the axis 

C 

of ^ at a distance = ^:^ &om the origin, and making with 

B 

OX an angle whose tangent is = — :g. 

B 

Therefore the equation A aj+B y+0=0 will always 

serve to represent a straight line. 

12. The following statements should now be distinctly 
understood : 

The equation to a line is one that expresses an invariable 
relation which is satisfied by the coordinates of every poiut 
on the line. 

The word hcua (plural loci) is used to signify a lineal 
common-place or path, the coordinates of ever^ ^^sa^J^ ^t 
which have the same ratio. 

b3 



10 CONIC SECTIONS. 

A line, whether straight or curved, is called the locus of 
a given equation, when the coordinates of every point on 
the line satisfy the equation. 

13. It will now be a useful exercise for the student 
to draw the straight lines represented by a few given 
equations. 

Example (1). It is required to draw the straight line 
whose position is represented by 2a5— 5i/=:7. 

let Method, Make the given equation assume the form 

which is done by dividing by 5 and transposing ; thus, 

Here we have m=f = the value of the tangent of the angle 
which that part of the required 
line which is above the axis of x 
will make with the axis of x pro- 
duced in the positive direction. 

First, then, draw the rectan- 
gular axes X'X, YY' ; make PM 
perpendicular to OM, so that 
OM : PM as 5 : 2 ; and join OP. 
The angle POX is that of the required line's inclination to 

. PM 2 
OX, because the tangent is =—_=-. Now, any line pa- 
rallel to OP will have the same inclination to OX. But the 
required line is to make on the aids of y B,negatwe intercept 
whose absolute length is ^, Accordingly, measuring 0B=^ 
downwards from 0, and drawing through B a line parallel 
to OP, we have AB the required line, making with OX the 

positive angle TAX, whose tangent is =-pn^=?Yjrr=F' 
2nd Method, Make the given equation assume the form 

a+6^' 

which is done by dividing by 7, and then putting the 
coefficients of x and y in the form of divisors ; thus. 
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2aj— 5y= 7 will become faj—^^^l 5 

' 7 y ' ' 7 ^ 7 "" ' 

where a=J, 6=— J. 

If we take, therefore, from OX a positive abscissa, OA, 
whose absolute length is ^, and &om OY' a negative ordi- 
nate, OB, whose absolute length is i, we shall have two 
points A and B on the required line, which are, of course, 
sufficient to determine the position of the line. 

Zrd Method, First, suppose ^=0, and then find the corre- 
sponding value of X, to be used as an abscissa ; secondly, 
suppose aj=0, and find the corresponding value of y, to be 
used as an ordinate. 

For, since the equation 2aj— 5y=7 represents a line of 
indefinite length, one point of the line will meet the axis of 
Xy and then, y being =0, we have 

2a;— 0=7; or, sb=J; 

also, another point of the line will meet the axis of y, and 
then, X being =0, we have 

0-52/=7; or, i/=-f 

Note, The 2nd and Srd methods are inapplicable in such 
a case as $6—2^=0. 

Ex. (2). Draw the straight line y— a>A/2=5. 

Here, suppose aj=0, then y=5 ; 
therefore take the positive ordinate 
0B=5. 

Again, suppose ^=0, then a;= 
— 5-H a/2=— f-v/2 ; therefore take 
the negative abscissaOA= ^(5 ^2), , 
which is conveniently done thus : 
make 0M=0B=5 ; draw MP per- 
pendicular and equal to OM, and produce it to P, so that PM 
may be equal to the hypotenuse CD =5 a/2 ; then 0A= 
•j^PM. Hence, to draw the required line, join AB. 




IS CONIO SEGTIOKfiU 

Exercises [A]. 

Draw the lines represented by the following equations : 
1. 3aj-22/=4. 2. aj+3=4y. 

3. 4flj+5y=6. 4. iy-iaj=5. 

5. 3aj+4y + 5=0. 6. a; + y=0. 

7. ajA/3-y=8. 8. aj=-2. 

9. |«+f=iy. 10. 6y + a;^5+>/10=s0, 

Pboblems on the Straight Line. 

14. To find the EquaMon to a Strcdght Line that shall jpass 
through a given jpomt (a/, y')*. 

Taking x and y as the coordinates of an indeterminate 

point on the line, let the line be represented by 

y=:mx + c, (1.) 

The given coordinates x^, y' mnst satisfy the general 

equation; therefore, 

y'=mx' + c. (2.) 

hence, eliminating c by subtraction, we have 

y^yf=m (aJ-a/), (3.) 

which is the required equation, and which may be written, 

if we choose, in the form of the general equation, thus : 

yssmx+y^—m9Bf ; 

where m is perfectiy arbitrary. 

It is evident that the required equation must reject either 
moT c; for it is in general impossible to draw a straight 
line through a given point so as to meet the axis of y at a 
proposed distance c from the origin, and at the same time 
make with the axis of a; a proposed angle, tan^^m. 

If we choose, m may be rejected and c retained. Thus, 

from equation (2) we have m =s ILII , which will convert 

X 

(1) into the required form 

y=^-^x+e. 

* Given coordinates of a point are yeiy often e^xoBsed by the letters 
X and y accented. 
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15. To find the equation to a straight Ime that shall pass 
through two given points, (a/, y') and Qef'^y"), 

Here we can assnine the equations (l), (2), (8) from the 
preceding article : 

y=:maj + c, (1.) 

y'^m^-^c, (2.) 

(3) representing a line that fdlfils one of the conditions 
now proposed : that is, a line passing through the point 

(.of, y')- 

The line, however, is also to pass through (a/', y"), and, 
therefore, 

y"=ma/'+c. (4) 

Subtracting (2) from (4) we have 

y"-y=m(a/'-a/), 

whence, m=:'^j^i 

m being thus no longer arbitrary. 

Substituting in (3) the value of m just found : 

y-y'=|^(«-«') (5.) 

is the required equation. It may be written, if we choose, 
in the form of the general equation, thus : 

If we suppose aj"=sa/, the line wiU be parallel to the axis 
of y; for the tangent wiUbe ss ^ /T^ ^ ^j ^ *^® tangent 

of a right angle. 
If we suppose y"=y', the line will be parallel to the axis 

of »; for the tangent becomes =~f — 1/~^» ^ ^® tangent 

X ""QDi 

of the trigonometrical angle which X' makes with X. 

If we suppose a/ssO, y'=0, we make the point (aj', y^) the 
origin ; for which case the equation is reduced to the simple 



form ysz^jas. 
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16m To find the equation to a straight line which shall pass 
th/rotigh a gi/ven povnty and he parallel to a given straight 
Jme. 

Let the given line be represented by the equation 

y=zrn/x-i-c'y (1.) 

where mf and c' are "known ; 
and let the equation to the required line be 

yz=zmx-{-c, (2.) 

where m and c are not known. 

Then, since the lines represented by these equations are 
parallel, they must have the same inclination to OX, that is, 
m=sm'; thus the second equation becomes 

y=m'a;-Hc, (3.) 

where c, the intercept on the axis of y, remains indeter- 
minate, because an infinite number of lines may be parallel 
to a given line. The equation, in effect, asserts that it 
matters not what the intercept on the axis of y may be, 
provided the tangent of the inclination of the given line to 
the axis of x be also the tangent for any other line we may 
draw. 

But, if the parallel be restricted to pass through a given 
point (xf, 2/'), then 

y'=mV-|-c; (4.) 

Hence, subtracting (4) from (3), we have 

y-y'=W (x—xf) (5.) 

which is the required equation. 

17. To find an expression for the tangent of ^, the cmgle of 
intersection of two given straight lines. 

Let AA' and CC be the two given 
lines, intersecting at P. 

Let the equation to AA' be 
2/=m'a5+c' 
and the equation to CC 

m/ is the tangent of the angle PAX ; 
w" is the tangent of the angle PCX. 
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Now/tan APC=taii (PCX^PAX) 

tan PCX- tan PAX wl' -m! 



VfV — w 



1+tan PCX tan PAX 1 + w'm" 

.% tan of supplement A'PC= -= — "" , 

1 "i" WtW, 

Hence, the required expression is tan ^ = + ^'' ~ — //> 

according as tlie angle is to the left or the right of CC. 

When the lines become parallel, the tangent = 0, and 
therefore the numerator in the above expression = 0, that 
is m"=m'. 

In order that the omgle of mtersection may he a right angle^ 
the tangent = oo, and therefore the denominator in the 

above expression = 0, or mW= — 1, or m"=— — ,. 

Tift 

Hence, v = >» + c" 

m! 

represents a line perpendicular to a given line whose posi- 
tion is expressed by 2/=m'a5+c'. 

Of course, there are an infinite number of such perpen- 
diculars. Two lines intersect at right angles whenever the 
coefficient denoting the tangent in the equation to one line 
is the reciprocal, with a contrary sign, of that in the equa- 
tion to the other line. In the next problem we fix one of 
the lines by the condition of its passing through a given 
point. 

18. To jmd the equation to a stra/ight Une that shall pass 
thrcmgh a gi/ven point, and he perpendicular to a given stra/ight 
Ime, 

Let the coordinates of the given point be «', y', and let 
the equation to the given line be 

y=maj+c. 
The equation to a line through (a/, y') is of the form 

y— y=m' (aj-a/); 
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and if this equation is perpendicular to the former, then 
m's — — , and. the required equation is 

m 

19. To find the equation to a straight Une that passes 
through a given jpovnt (x', y'), and makes a given a/ngle vnth 
a given straight li/ne. 

Let the equation to the given line be 

y=mx+c'y (1.) 

the equation to the required line passing through (x\ y') 
will be of the form 

y-^y'^^w! (a5-«0. (2.) 

By art. 17, we have tan = + TUlUlHL • 

, , w— tan m+tan <b 

hence, m =- — ^ or - — ^^—^ — 2!- ; 

L-\-7n tan ^ I— m tan ^ 

therefore (2) becomes 

^ ^ l+m tan 0^ ^ "^ ^ 

or else, y— y'ssJi!^ — ^^ ^ (a;— a?*). (4.) 

^ ^ 1— m tan 0^ ^ ^ ^ 

Either of the equations (3) and (4) will be the one re- 
quired ; for generally through a given point two straight 
lines can be drawn, making a given angle with a given 
straight line. 

Note (1). When w = 0, the given line is parallel to the 
axis of X ; then the required equations are 

y— y'=-4-tan (jt (aj-a/). 

Note (2). When w = oo, the given line is parallel to the 
axis of y. For this case, dividing numerator and de- 
nominator of ^^ . — ^ by wi, we have 

1— m tan 9 

1 J. tan^ -I , tan 

^"^"^ ^"^"^^ 1 + 1 



w '^ 00 
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c%* -I ■^ tWf— tan 6 •• 1 

Similarly, = , ., becomes = . 

1+mtah^ tan ^ 

• . 

Then the required equations aise 

y— ys;=+ cot.^ (aj— a/). 

Note (3). Dividing numerator and denominator by tan <^ 

we bavQ ^^^ r whicb, wben ^ is ^ right angle, is 

1 _ » 



tan ^ 



^ + 1_0±1___ 
4+^ O+m- ' 



1 



as fonnd in art 18. 
^ .±1 



Op thus, ^^^^— ^^coM_±l^^_l; 

tan^ 
the cotangent of a right angle being zero. 

20. To eoBpress the dMtcmce between two poinis in terms of 
their coordmates, y 

JJet P and Q be two points whose 
coordinates are given. Let the co- 
ordinates of Q be a/, ^, and let 




those of P be aj", y". Join PQ ; 
fix)m Pand Q draw PM, QN parallel 
to OT, and draw QR parallel to OX. 

We have PRQ a right angle ; therefore (by Euclid, 1. 47) 

Now, QR = OM~ON=»"-aj'; and PR=PM-QN= 
y"-y' ; hence PQ2=(aj" -a/)2 + (y"-y')* I 

which determines PQ. 

And here it should be observed, that, as only the abso- 
lute length of PQ is required, we need take no notice of the 
double sign + that would distinguish the alffeibra&s^^cc^c:^ 
of the value of PQ». 
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If the point Q were at the origin, we should have a/ssO, 
y =0 ; and then 

And, if Q were on the axis of x, and P on that of y^ we 
should have a/'=0, ^=0 ; and then 

Again, let P and Q be two points ; 
let tiie given coordinates of Q be 
—a, h, and let those of P be h, h. 
Then, the expression for PQ*, cor- 
responding to that found above, will — 1 

bePQ»={;^-(-a)}2+(AJ-&)^ 

21« To dstermme the distcmce of a given jpomtfrom a given 
stradght Ime, 

JJet P be th6 given point, and AB the given line ; it is 
required to determine the length 
of the perpendicular PR. 

K the coordinates of P be ^, Ar, 
and those of B> be a?], y^, the ana- 
lytical expression for the length 
of PR is 

PR«=(aji-;^)H(2/i-A.)«;(l.)f 
Let the equation to the given 

line ABR be 

yssmx+c; 
then the equation to PR, perpendicular to ABR, is 

and, as R is a point common to both these lines, we have 

yi—mxii+c, (2.) 




yi— A;= (xi—h). 



m 



(3.) 



Multiplying (3) by m*, and then adding (2), we have 



whence, y,=2i!^±f^. 
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Mnltiplying (2) and (3) by m, and then subtracting, we get 



whence, Xi= 
Hence, by substitution in (1), 



l+m^ 






1 



m' 



(H-m2)2 



l+m2 ) 

1 



(l+m2)a 






; 



l+m' 



2 



(A;— mfe— c)*; 



.•.PR=— -— — , the expression required. 

The positive and negative values of the denominator refer 
to the ambiguity of the direction of PR, as P may be on 
either side of the given line ; but, as only the magnitude of 
PR is required, the denominator may be taken with the sign 
that will give a positive value for PR. 

22. We shall now subjoin a few Examples and Exercises 
jn. articles 14-21. 



Examples. 

Ex. (1). Draw, and represent by an equation, the straight 
line passing through the points 
P, Q, which are (—4, 5) and 
(7, — li), respectively. Find 
also the length of PQ. 

TakeOM,PM,=4,5;ON,QN, ^ ^ 
= 7, 1^ ; the line PQ, indefinitely 
produced, is the line required. 

Prom art. 15, we have 




^-^==f^C«+4V 
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or, y-5=-i4(aj+4), 

which gives 13aj+ 22^=58, the required eqaaidon. 

The eqnatioii determining the length PQ (see art. 20) 

isPQ2=(-4-7)2 + (5 + H)» 

=121 + i|9=6|3. /. PQ=i^653. 

Ex. (2). What will be the equation to a straight line 
passing through the point (21, 7) at right angles to the line 
y-3aj=24? 

(See art. 18.) We have here aj'=21, y'=7 ; and since the 
given line is represented by y=3aj + 24, we have w=3. 
Hence, y-7=— ^ («— 21), or 3y-21=-aj + 21, 
gives aj+3y=42, the required equation. 

Ex. (3). Shew that the straight lines 

4aj+3y=6, 5aj+42/=7, 2aj-y=8, 

intersect at one point. 

Here, by means of any two of the given equations, we 

can find values of x and y satisfying both. Take the 1st 

and 2nd : 

5aj=7— 4y 
4a5=6— 3y 

By subtraction, aj=l— y 

/, 5(1— y)=7— 4y, or 2/=— 2, and 1— y=aj=3. 
Therefore, the coordinates of the point of intersection of 
the 1st and 2nd lines are x^^d, ^=:— 2 ; and these will be 
found to be coordinates of a point on the 3rd line also ; for 
2aj-y=6+2=8. 

Ex. (4). If the line y^mx+7 pass through the inter- 
section of the lines y=2aj+6 and 3y=aj— 7, what is the 
magnitude of m P 

3y=6aj+18=aj— 7, or »=— 5, 

2aj-i-6=y=— 4; 

hence, mx + 7 = — 4, 

that is, — 5m + 7=— 4; or, w=:y. 

Ex. (5). Eind the distance of the origin of rectangular 

coordinates from the line - + ^=1. 

a 
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The given equation may be put in the form 

y= x+h; 

a 

where we have m=— -; hence, applying the result found 

a 

in art. 21, we have ^=0, A;=0, c=h; and 
therefore 

V(l+mO V aV 

or the magnitude of the required distance is 

ah 

^o^e. Since the triangle OAB=^ the rectangle OA'OB, 
and also =i the rectangle AB'OR, we have AB'OR = OA'OB ; 
but OA=a, 0B=&, and AB=^(a2+&a) ; 

hence, OR V(a^ + h^)=^ab ; and OR=a&-^ A/(a' + 6«) ; which 
verifies the formula. 

Ex, (6). What points on the axis of x are at a perpen- 
dicular distance a from the line 

a 

Take OA=a, 0B=6 ; then AB 
is the given line. 

Let PD, P'B be the perpendicu- 

lar distances of AB from OX, and 

each =a. n 

AB= v'(»^ + ^*) 9 also, by similar triangles, —_=_., 
whence, AF=^^ (a« + &«). 



Therefore, the abscissa of the point P, =OA+AP, is 

a+^VCa^-^h^); 
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and, as OP is on the negative side of 0, therefore the abscissa 
of the point P', = OA- AP, is 



Ex, (7). The coordinates of a point P are 4 and 10, and 
those of another point Q are 17 and 
5 ; find the coordinates of a point B 
in the straight line PQ, Tnaking 

PE:QR::3:4. 

Let X, y be the coordinates of B ; 

MLiNL:: PR:QR:: 3:4; 

ML_ 0—4 _ 3 . __Q4 
NL""I7^"'4'--''"^^' 

Again, PQ : QR : : 7 : 4 :: HP : kr; .-. kr=4HP=: 

1(10 -5)=2^; hence y=KR+QN=2^ + 5=7f. 
Therefore the coordinates of R are 9-f , 7f . 

Ex, (8). Find the area of a triangle, the coordinates of 
its angular points being 8 and 9, y 

13 and 21, 23 and 12, for A, B, 0, 
respectively. 

Here we have OL, AL= 8, 9 ; 

OM, BM=13, 21 ; 
ON, CN=23, 12. 
Area of trapezium LABM 

=i(AL+BM)LM= i(9+21)(13-8) = 75 
Area of trapezium MBCN 

=i(BM + CN)MN=i(21 -f 12) (23 - 13) =165 

/. Area of LABCN=240 
Area of trapezium LACN=i(9 + 12) (23 - 8) = 157^ 

/. Areaof ABO= 82^ 

Ex, (9). Given BO, the base of a triangle, = a, and the 
difference of the squares of its sides =c?^, to determine the 
locus of the vertex. 



B 




KX a m f I«Eg» 



ss 



Take the base as the axis of x, and its middle point 
O as the origin ; and let the 
coordinates of the vertex A be 
X and y. 
BA2=BD2+ DA2=Qa-aj)2+y«, 

AC«=DC2+DA2=(ia4-«)^+2/^; 
hence AC^—BA^ = 2ax = d^; 

d^ 



X- 



'2a' 




This is the equation to a straight line parallel to the axis 
of y {see art. 9). Therefore the locus (see art. 12) of the 
vertex A is a perpendicnlai* to the base, at the distance 

— from the middle of the base. 

2a 

Ex. (10). Find the equations to the diagonals of a quadri- 
lateral whose sides are represented by the equations 

y=aj, y=3aj, aj=3, y=5. 

Take 0A=3, AP=3, AQ=5, AB=9 ; join OP, OQ, OB ; 
draw QR paraUel to OA, and join PR. Then OPQR is 
the quadrilateral; for PQ is the line 35=3, 
als6 QR is the line y =5, OR is represented by 
y =3aj, and OP by y=x. 

Wherefore, the coordinates of R are If, 5, awd 
those of P are 3, 3 ; hence the equation to the 
diagonal PR is 

or y-5=-f (aj-l|), or 22^-10= -3aj+ 5, 

which gives 2yH-3aj— 15=0. 

Also, the coordinates of O are 0, 0, and those of Q are 3, 5 ; 
hence the equation to the diagonal QO is simply 

3y=5aj. 

Ex, (11). Shew that in the figure to Euclid, I. 47, t\M5> 
lines BEZ, OF, AL meet at one point. 
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Take A as the origin, AB, AG, pro- k 
dnced ind^nitely, as the axes of x 
andy. 

Let AB^o, AG=5. 

The equation toBC is y= sr-f (. 

a 

The equation to AL, passing throngh 
theorigin,perpendicn]ar to BCyisy^?as. (1) 



The equation to BEI, passing through the points (—&,&) 




and (o^ 0), is y-6=_-^(j?+6), 



a+2^ 



or, y=- 



»+ 



ab 



(2) 



a+6 ' a-l-6* 
The equation to OF, passing through the points (0, li) and 



(o, -a), isy— 6=— ^?^ — («-0), 



a 



a + 5 , I 

or, y= 05+6. 

a 



(3) 



We are now to shew that the lines (1), (2), (3) intersect 
at one point. 

The values of x and y satisfying (1) and (2) will be the 
coordinates of the point of intersection of these lines, and 
can be found thus : 



a h , ah 

^ b a+& a + &' 



or. 



/a h \ __ ah 



a5« 



or, — ^ , — x=.ah ; whence aj= ^ , ,« - 
' h a^ + ah + h^ 

a _ a^h 

Substituting this value of y in (3), we shall have, if the 
three lines intersect at one point, 

a^h ^+^ + fr; ^^ ^h^(a+h) a+&,. 



a«+a&+62 
or, aj= 



or. 



a 



5» 



' a«+a6 + 6« 
1 ah^ 



a 



a*+a&+&^ a a*-fa&+6^ 



2 , as before. 
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Exercises [B]. 

1. Draw the straight line passing through the points 
(3, —5) and ( — 5, 2) ; and represent it by an equation. 

2. Draw, and represent by an equation, the straight line 
passing through the points (0, —12) and (11, 7). 

3. What are the equations to two straight lines, one of 
which passes through the origin, the other through the 
point (13, 4), and both of them parallel to another line 
whose equation is 7y— 3aj=36 ? 

4. Draw, and represent by an equation, a straight line 
passing through the point (5, —1), and perpendicular to 
the line By 4- 6aJ=4. 

5. What are the equations to the straight lines passing 
through the point (5, 30), and each inclined at an angle of 

60«totheline^ + ^=l? 

6. The coordinates of a point P are 5 and — 4, and those 
of another point Q are — 7 and 12. What is the length of 
the straight Hne PQ ? 

7. Find the distance between the points (—12, 15) and 
(16, 36). 

8. Shew that the three lines 

y=aj4-l, 22/=3aj+18, 3y=2aj-13, 
meet at one point. 

9. WTiat number for m, in the equation y=^inx+S, 
would make that equation represent a line passing through 
the point of intersection of the lines 

y=^-hSy y=6x—12? 

10. Find the equation to a straight line which passes 
through the origin, and also through the point of intersec- 
tion of the lines 

6aj4- 7^ + 2=0, .7aj+9y--l=0. 

11. The angular points of the triangle ABC are (—21, 
-25), (5, 26), and (46, 0). Draw the figure, and find the 
area of the triangle. 

12. ABC is a triangle : suppose tla© i^oxo^ k,'^^^>H»'^% 
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respectively, (17, 20), (44, 33), (51, 8) : Find the area of 
the triangle. 

13. OPQ is a triangle : Take the point as the orilgin of 
coordinates; then 

(i.) Express the area of the triangle in terms of the co- 
ordinates of P and Q. 

(ii.) Suppose the points P and Q to be respectively (5, 12) 
and (12, 9), and find the lengths of the three sides. 

14. Find the points of intersection of the straight lines 

x+Sy=^ll, 2aj+2/=12, 6x'{-2y=16; 

and shew that^the area of the triangle formed by joining 
these points is 32^. 

15. The coordinates of A, B, C, the angular points of a 
triangle, are, respectively (3, 4), (8, 9), (10, 6). Find the 
equation to the line DE joining the middle points of AB 
and BC. Find also the inclination of DE to AC. 

16. Find the equations to the diagonals of the rectangle 
formed by the four lines aj=a, aj=a', y=&, y=h\ 

17. Given 4y=SXf and 35=12, the respective equations to 
OP, PQ two sides of the parallelogram OPQR; and 12y 
=230;, the equation to the diagonal OQ : Find the equations 
to the other sides and diagonal ; and also the area of the 
parallelogram. 

18. ABCD is a square, the rectangular coordinates of the 
points A and being (2, 3) and (3, 5) : find the equations 
to the four sides. 

19. Find the equation to a straight line bisecting P, the 
vertical angle of the triangle OPQ ; the equation to the side 

OP being 5y=12aj, and that to PQ being ? +|=1. 

24 7 

20. In the figure of Euclid, I. 47, if KH and FG be pro- 
duced to meet at P, and PA produced to meet BC at R : 
shew that PR is perpendicular to BO. 

21. It is required to determine the sides and angles of 
the triangle ABC, the base AB and a perpendicular to it 
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throngh A being assnined as the axes of x and y^ and the 
eqnatiojis to BC and AC being, respectiyelj, 

yszmx-\-c^ y=rn/x. 

Equation to the Cibcle. 

23. We are now passing from the consideration of recti- 
lineal to that of cnrvilineal loci ; and begin with the circle, 
as the simplest of the regular curves. 

An equation to the circle is one of which the circumfer- 
ence of a circle is the locus. 

Now, the circumference of a circle will evidently be cha- 
racterised by an expression denoting 
that every point in the curve is equi- 
distant from a fixed point. If, in the 
annexed figure, OF=OF'=OF", 
and the accented letters denote succes- 
sive positions of the point P, then the 
locus of P is the circumference of a 
circle ; and if O be the origin of coordinates of P, we have 
the sum of the squares of the coordinates constantly equal 
to the square of radius. Hence, if c be the radius of the 
circle, 

is an equation to the circle implying the centre to be the 
origin of coordinates. 

24. Let us take for the origin of coordinates any point 
in the plane of the circle. 






o N M X 

Let C be the centre of the circle : its cooxd^x^Xie^^ C5^-=a, 

2 



2» 
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NC=6 ; and let P be any point on the circnmference : its 
coordinates OM=a?, MP=y. Draw OQ parallel to OX 
TlienCQ=OM-ON=aj-a; PQ=PM-CN=y-5, 
By Eucl. I. 47, CQ« + PQ2= CP« ; 
that is, (aj-a)«+(y-6)^=cS 
er, by development, 

which is the general equation to the circle, referred to zec« 
tangnlar axes. 

When the origin is a point on the 
6ircumference, then 
ONa+NC2-OC2-c2,ora« + &«-c«-0; 
and the general equation gives 

If OX coincide with OQ, and the 
origin be on the circumference, the 
centre will be the point (a, 0), 
and a will be =:c, and /.a^— c*=0 ; then the general equa- 
tion gives aj^H-y*— 2a«=0. 

If O Y coincide with NO, and the origin be on the circum- 
ference, the centre will be the point (0, 6), and h will be 
=c, and /.ft^ — c*=0 ; then the general equation gives 

aja+2/*— 2%=0. 

But the centre is most frequently taken as the origin ; in 
which case a=0, 5=0; then the general equation gives 

a;2+y2=c2, as in art. 23. 

2S. It is evident, then, that the general equation to the 
circle, for rectangular axes, is of the form 

a.2^2/*+Aaj + By+O=0; 
which is an indeterminate equation of the 2nd degree, 
having uniiy as the coefficient of each of the squares of 
X and ^, and not containing the product of these vari- 
ables. 

And, conversely, it may be shewn that the locus of an 
equation of the above form is always the circumference of 
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a circle; althongh it will inclnde the peculiarities of a 
circTimference reduced to a mere point, and of a curve 
merely imaginary. 

For, making x^+Ax and 2/* + By complete squares, we 
may write the above equation thus : 

that is, (aj+iA)2+(2^ + iB)«=i(AHB2-4C) ; 
which, if compared with the form 

(a.-a)2 4.(y-6)2=c«, 

will be observed to represent a circle the coordinates of 
whose centre are — -JA and— ^B, and of which the radius is 
iv'(A2+B«-40). 

The circumference will be reduced to a mere point, viz. 
the centre, if A2+B2=4C, for then the sum of the squares 
on the lefb side of the equation will be zero. It is more 
accurate to say here that the circumference wiU be reduced 
to one whose radius is indefinitely small. 

The locus of the equation will be impossible if 40 be 
greater than A^+B^ ; for then ^/(A^-f B2-40) wiU be the 
square root of a negative quantity, which is merely 
imaginary. 

26* The preceding article indicates an easy method of 
constructing any circle that is represented by a given 
equation. Suppose, for instance, it is required to construct 
the circle whose equation is 

a.24.y2+i2aj-10y-60=0. 

Completing squares with aj2 4.12aj and y*— lOy, we have 
(aj + 6)2 + (y- 5)2=60 +62 + 52 

?=121 ; 
and comparing this with the form 

(aj-a)2 + (y-6)2=c«, 

we see that a= — 6, &=:5, c=ll. 
Accordingly, the circle will be repre- 
sented, in magnitude and position, 
as in the annexed figure, where ON 
is taken =6, NC=5, CP=11. 




80 
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Tangent and Nobmal to a Cibcle. 

27. A secant to a circle is a straight line meeting the 
circumference at two points. Suppose one of the points, at 
which a secant meets the circumference, to remain fixed, 
while the secant turns round that point and shifts the 
second point up to the first, the secant in its liTnitfng 
position is called the tangent to the circle at the first point. 
{See figure to art. 28.) 

The tangent may thus be regarded as a secant passing 
through two coincident points of the circumference ; and this 
consideration suggests an easy method of investigating the 
equation that will represent the tangent to a circle. 

28. To find the equation to the tangent at a given jpomt on 
the cH/rcfwmfer&noe of a circle. 

Take the centre as origin, that is, let aj*+y*=so^ be the 
equation to the circle ; and let 
x\ y' be the coordinates of the 
point P, on the circumference, at 
which the tangent is drawn, aj", 
y" the coordinates of another 
point P' on the circumference, 
near the given point. 

The equation to the straight 
line PF is 

Now, a/3+y/2--c». also, aj"2+y"^=c2; 

that is, (2/'+y")(y-y")=(«^'+»')(«"-»'); 
tzt^i±£ . or v"-'^ -^ i±^ . 




hence, by substitution in the equation to PP', 

^-^^-^i^A-^- (2-) 

Now, when the point P', by the revolution of the straight 
line PT round P, has shifted its position on the curve until 
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the chord PP' becomes indefinitely small, that is, when the 
point (aj", y") coincides with the point (a/, y'), we have 
a/'— aj'=0, and y"— ^'=0 ; or aj"=a/, and y"=y ; in which 
case equation (2) becomes 

or, the equation to the tangent at the point P, that is, at the 
point (a/, y'), is 

y-y'=-^,(*-a^). (3.) 

It will now be seen that for the case in which aj"=aj' and 
y"=y', equation (1) would have given an indeterminate 
expression, because that equation does not include the con- 
dition of (x\ y') and (aj", y") being points on the circum- 
ference of a circle. 

The equation to the radius CP is, of course, 

compare it with (3) : the tangent number in one is the 
reciprocal, with contrary sign, of that in the other, thus 
shewing that a tangent to a circle is always perpendicular 
to the radius passing through the point of contact. 

Equation (3) may be changed to a simpler form ; for by 
reduction we have 

yy'— y'2=:—aa,' 4. aj'S^ 

or, aa'+yy'rsa/a+y'a, 
that is, ajaj' + yt/ =c*. ' 

This is the form in which the equation to the taDg^nt is 
most frequently referred to. 

When the equation to the circle is in the form 

(aJ-a)2^-(y-6)«=c^ 
the equation to the tangent at any point (x\ y') may be 
similarly found to be 

(aj-a)(aj'-a) + (y-6)(y'-6)=ca. 
29* To express the ta/ngent to a circle in terms of the 
tangent of the angle which the line makes with the axis of x. 
We have seen that the tangent of the «3i^q ^\>iO[i ^^ ^ 
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the tangent to the circle, makes with the azis of a; is 

_ a/ 

The equation yy'+asa/ssc* 

gives2^=--aj+ -y5 (1.) 

and the equation aj'^+y'^ssc* 

. aj'2^1 c2 c« /o/Vi 

gives -^, + 1=-, or, -.=o^^+l; 

whence, by substitution in (1), we have 



y' '\f y 



^/^■• 



X 



or, writing »» for - i^ , 

yz=mx 4- c y (1 4 m2) ; (2.) 

which is the equation to the tangent in terms of the tangent 
of the angle which the line makes with the axis of a;. 
Hence^ if the general equation to a straight line be 

then, to determine the condition that any straight line 
should touch the circle, we have 

tnoj -f »^ = woj + C\/ (1 4- w*) , 
or, 7i2|«c2(l+m«). 

30. To find the equation to the normal at amy point on the 
circumference of a circle, 

. The norrfusX to a curve is the line intersecting the tangent 
at right angles at the point of contact. 

Let (a/, ]f) be the point of contact of a tangent to a 
circle. The equation to the tangent is 

y= — ^,aJ+ -,. 

y y ^ ^ 

The equation to the normal as a straight line passing 
through (a/, y') is of the form. 

y— y'=w'(aj— a?') ; 
and the condition of its being perpendicular to the tangent 
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Teqnires that m' shall denote the reciprocal, with contrary 

sign, of the m foiind in the equation to the tangent ; or re- 

1 1/ 
qnires that m' = --— =v; ^i^ t^o equation to the nor- 

m or . 

xnal is 

or by reduction, x'y=:xy\ or y= ?\aj ; 

wHch is the equation to a straight line passing through 
the origin, that is, through the centre. 

The equation to the normal is anticipated in art. 28 ; 
where it is shewn that a tangent to a circle is always 
perpendicular to the radius passing through the point of 
contact. 

31. To jmd the locus of the middle jpovnts of a system of 
parallel chords. 

Let PP' be one of the chords ; a/, y* 
the coordinates of P ; and a/', y" those 
of P'. 

The equation to PP' is 

Now, because P and P' are points 
On the circumference, 

or, (a/'+«')(«^-«^)=(y'+y")(y-y'0; 

.y'^-^-y' a?^^-a/ 

*V'+aj' ^'-y'* 
But the coordinates of V, the middle point of PP', are 
^(aj"+aj') and ^(2^"+^') > ^^ *^^^ *^® tangent of the angle 
which a line through that point and the origin makes with 
the axis of a; is 

fl/' + a;' y''-t/' 
03 
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Bsthe reciprocal, with contrary sign, of the tangent number 
in the equation to PP' ; hence, the locns of Y is a line 
through the centre perpendicular to the chords (^8ee Euclid, 

m. 3). 

32. To find the equation to a straight line that shall touch 
a given d/rcley ct/nd jpass through a gvuen point external to the 
circle. 

Let ^, A; be the coordinates of the given point ; and let 
a/, y' (which will presently become known) be the coordi- 
nates of the point of contact. 

The equation to the tangent at (a?', y') is 

and, as the tangent passes through the given point (h. A;), 
the equation to the tangent must be satisfied by the coor- 
dinates of that point ; and, therefore, 

hx^+ky^^c^; which is the required equation ; 
but the point of contact being on the circumference, we 
have 

so that a/ and y' are now determined, and will each have 
two values ; therefore two tangents can be drawn to the 
circle from the given point ; and 

hx+Jcy=c^ 

will be the general equation to the line joining the two 
points of contact, that is, to the chord of contact, as that 
line is caUed. 

33. We shall now subjoin a few Examples and Exercises 
on articles 23-32. 

Examples. 

Ex, (1). Find the points of intersection of the circle 
aj2^y2— .4 ^th the straight line 3aj4-5y=6. 
The 2nd equation gives 9x^=S6'-60y+25y\ 
The 1st equation gives 9aj2=36— 9y^. 
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By subtractioii, 34y*— 60y=0; 

hence, y=0, or f^; 
«=2-42/=2, or -^. ^ 
Therefore the straight Hue meets the circle at the points 
(2, 0) and (—If, y^) ; the former of these points being an 
extremity of the diameter in the axis of x. 

Bx. (2). Find the points of intersection of the circle 
««+y«-26a5-42/ + 73=0 with the line 12aj+5y=:216. 

The 2nd eqn. gives 25y2 = 144aj2— 51 84aj+ 46656. 
„ 1st „ 25y2=-.25aj« + 660aj- 1825+1002/. 

By subtraction, 169aj2 - 5834b + 48481 =100y, 
that is, fix)m 2nd eqn. =4320— 240aj ; 

hence, 169aj«-5594aj= -44161 ; 
which gives 13aj~5Lf§JL=:^e^. 

Accordingly, we have a? =13, or 20-^^^ ; 

y=12,or — 5yfy; 
and, therefore, the straight line meets the circle at the 
points (13, 12) and (20^^, —^tM ; the former of these 
being an eictremiiy of the diameter parallel to the axis of y, 
since the abscissa, 13, is that of the centre, the equation to 
the circle being 

(aj-13)«4-(y-2)»=10». 

Ex> (3). Find the length of the chord made by the circle 

aja+y«=c« with the line ?+2=l. ^ 

a 

Let the intercepts on the axes be A 
=a,0B=6, .•.AB2=a« + fc'*; and OR, 
the perpendicular on AB, is deter- 
mined, by similar triangles, thus : 

AB* : 0B«: :0A2 : 0R»=-5?^ ; 

a* + 0* 
Now, OBr bisects the chord, and 

therefore half the chord = a / c*- -|^j 
/.the length of the chord is =2 a /c* ^ ^^, 




a2fe2 



36 
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Ex, (4). Find the equation to the circle desciibed on a 
diameter of which the eictremities are (a/, y') and (a/', y"). 

Here the coordinates of the centre are iCaj' + aj") and 
i(y'+y")» therefore, 

|aj-i(a/+aj")}% {yW+f)]^^^-' 

=i(a/'-ajO^+K2/"-yO^ 

or «>-(aj'+«">+i(«"+»')«+y'-(y'+y'>+ i (y^'+y')* 

-.J(a/'-a/)2-i(y"-y0*=0 
or,a>«+y«-(a/ + aj")aJ-(2/'+y")y+«'a/'+y'2/"=0;theeqna. 

tion required. 

Ex. (5). Given AB the base of a triangle, and the ratio of 
its sides AP, BP=m : shew that the 
locns of the vertex P is a circle, ex- 
cept when m=l. 

Take the base AB as the axis of a;, 
and the middle point of AB as ori- 
gin. Let aj, y be the coordinates of 
the vertex P ; and put AB=2a. 

K AP=w BP, then APa=m2BP2 ; 

or, AM2+PM2=:m«(BM2+PM«) ; 

that is, (a+aj)2+y^=wM (a-a;)«+2/2 j; 

or m'(aj«-|-y*— 2aaj+a2) =aj2+y«4-2aaj+a2 ; 
that is, 

(w«-l)aj« + (w2— l)y«— 2(m2+l)aaj+(w«-l)a«=0; 

hence, x^-\-y^ - 2-^??^iliiaj + a*=0 ; 

which is the equation to a circle, unless m^l ; for when 
mssl the equation becomes aj^+y^— oo4"a*=0; then we 
should have a;=0, and y indefinite or arbitrary, and BP*= 
y2^a'=AP* ; in which case the locus would be the axis 
ofy. 

Ex, (6). In one plane, the locus of the point fix)m which 
two given unequal circles would appear equally large, that 
is, subtend equal angles, is a circle. 
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Let AC tlie radins of the smaller circle =r, BD that of the 
larger rsr', and AB the distance of the centres =a. Let P 
be a point from which the circles snbtend equal angles, 
viz. doubles of APC, BPD ; PC and PD being tangents. 




Draw EF a common tangent to the circles, and let it meet 
AB at 0. Take O as origin, a?, y as the coordinates of P. 

OA AJ^i 

By similar triangles, Qg--^=__^- ; hence, if we 

put d for OA, we have -=^7 — - , or d=i ^ 



AM=aj~(Z, BM=a+(Z-», PM=y. 
By smiilar triangles, pg5=g^^=- ; 

whence (aj^+i/^X/a— r2)-2aj{r'2(£-r»((£+a)} 

=i«((i+a)2-r'«i2, =0, since d+a=:-^ ; 

r — r 

moreover, /g(i~rVd+a)=^~^^=:arr^ ; 

which is the equation to a circle, whose centre is on the 
axis of a; at a point Q equidistant from the points O and P ; 

the radius OQ=PQ p^. 
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Exercises [C]. 

1. Determine the radius, and the coordinates of the 
centre, for each of the following circles : 

(i) aj«+y^— 6aj-8y-24=0. 

(ii.) aj3 + y»+2aj+4y--4=0. 

(iii.) aj»+2/'-6»-18y + 10=0. 

(iv.) aja + y«+aj-22/-3J=0. 

2. Find the points of intersection of the circle aj*+y'=34: 

(i.) with the line a— y=2. 
(iL) with the line 2aj+y=— 1. 
8. Find the points of intersection of the circle «' +y*^l : 

(i.) with the line 3aj— 4y=5. 
(ii.) with the line 6aj4-4y=— 5. 

4. Find the points of intersection of the line 

4rt/-3aj+32=0: 
(i.) with the circle aj^H-y^—24aj—10y=sO. 

(ii.) with the circle 2aj2-f2i/«—8aj+y-45=0. 

5. A straight line parallel to the line y=smx-^n touches 
the circle (x — a)^ + (y— 6)*=c^. Find the equation to the. 
tangent. 

6. Find the length of the chord which the line 
12y— 6aj=66 maikes with the circle oj^+y^— 40a5s=0. 

7. What must be the relation between the quantities 

a, h, c, in order that the line - + 1=1 may touch the 

a 

circle aj'+y^=c^ ? 

8. Two circles, whose radii are c, </, cut one another; 
the distance between their centres being a. Find the 
coordinates of the points of intersection. 

9. From the equation to the circle, which is the locns of 
P in the 6th of the worked Examples, viz., 



mr —1 
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determine the position of tlie centre, the length of the 
radius, and the points at which the circle cuts the axis of x. 

10. Shew that the square of half the base of a triangle 
and the square of the line joining the vertex and the middle 
of the base are together equal to half the sum of the squares 
of the two sides of the triangle. Shew also that, when the 
base and the sum of the squares of the sides are constant, 
the locus of the vertex is a circle. 

11. Find the equation to a circle whose centre is at the 
origin of coordinates, and which touches the line y=^Bx+5. 

12. Find the equation to the circle whose diameter is the 
common chord of the circles aj^ + y ^ = c* and (aj— a) * -f y ^ = c*, 
where a denotes the distance between the two centres on 
the axis of x, 

13. What must be value of c, in order that the circles 
(«— *a)^ + (y — &)^=c* and (»— 6)* + (y— a)^=c* may touch 
each other P 

14. Suppose the equation to a circle whose radius is c to 
be aj^+y^— 2caj=0, and the straight line joining its points of 
intersection with the line y =^mx to have a circle described on 
it as diameter. Bequired the equation to the latter circle. 
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THE ELMPSB. 

94. The Ellipse is the locus of a point whose distance 
from a given fixed point is always less, in a constant ratio, 
than its distance from a given fixed straight line. 

Let S be the given point, and KK' the given line. Draw 




SD perpendicular to KKf. Let P be a point on the locus ; 
join SP, and draw PM parallel to KK' and PN parallel to 
DS. 

Take D as the origin, DS as the axis of x, KK' as the 
axis of y. 

A/g gp 

Divide DS at A^ so that ---_=—-- = the constant ratio, 

A'D PlH 

a value less than unity, which we may call e. Let DS be 

called p ; and let x, y be the coordinates of P. 

We have SP=e-PN; /. SP2=62PN« ; or PMHSM«= 

e«DM« ; that is, y^ + (x-^y^e^x^, 

which is the equation to the ellipse with the assumed origin 
and axes. 

35. For the point where the ellipse meets the axis of a^ 
we have ^=0, and the equation becomes 

(aj— jp)^=e^aj^ ; 

but this gives aj— j9=+0aj, or (l'+e)x=^p, or x^^l^ ; 
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signifying that the ellipse meets the axis at two points, A' 
and A*; so that DA'=s-£-, and DA=--£-. 

C the middle point of A'A is called the centre, and the ex- 
tremities A^, A are called the vertices of the ellipse. Also, 
the fixed point S is called the focus, and the fixed line KK' 
the directrix of the ellipse. 

36. Let the line A^A=i2a ; then A'C—a. 

Since A is a point on the locus, 

, SA 2a-A'S 2a-e-DA' 
we nave 6= — =s = : 

DA 2a+DA' 2a-hDA' ' 
.•.a=a6+ e'DA'. 
Whence are derived the following values : 

(i) DA'= ?a-«); 

(iL) A'S = e-DA'=:a(l-e) ; 
(iu.) DC=a+DA'=? ; 

6 

(iv.) SC=a-A'S=a6; 

(v.) DS=jp=:DC-SC = --a6 = ?(l-6»). 

6 e 

37. Suppose the origin to be at A^ 

In this case A'M takes the place of DM ; and if A'M be 

called a/, then DM=DA' + a/; that is, «=«/+-— a; whence, 

e 

by substitution in the equation y' + (aj— p)'=0^, we have 
y2 + (a/+?-a-?+ae)3={e»'-ha(l-e)}«; 

ory»+{aj'-a(l-e)}«= {ea/+a(l-e)}«; 

or y«+»'^-2a(l-e)a/=eV3+2a6(l-e)a/; 

or y3+aj'2-2a(l + e)(l-e)aj'=eV» ; 

or y3 +aj'2(l-e»)=2aaj'(l-e«) ; 

or y>=(l-0«)(2aa' -«'»). 
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Now, as A is to be acconnted tlie origin, we maj remove 
tlie accent, and the equation will be 

y3=(l-62)(2a«-aj«), 

38. Suppose the origin to be at G. 

Here again we might put x* for CM, and sabstitate 

fl/+ - for a; in the original equation. 

6 

Or we may at once let x and y be the coordinates ; then 
we have 

SM=CM+SC=a;+a6; 

DM=CM+DC=aj+-, 

or e'DM=ea;+a; 

.•., equivalent to PM^+SM*=6^DM^ we have 

y^ + (aj + oe)^ = (ea? + a)* ; 

or ya=(l-e*)(a2-aj«). 

Now, let t denote the ordinate BO ; then for the coordinates 
of the point B we have fl;=:0, ^=2>, and the above equation 

gives us 6*=a^(l— e^), orl— e'=— . The equation, there- 
fore, may be written 

Trhicli is redacible to the more ^nunetrical form 

aV+6V=a«6», or -'+^!=1 ; 

Or 0' , 

which is the equation to the ellipse referred to the centre 
as origin, and is the one most frequently employed. 

39. The above equation is convertible into the formb 

y = ± - ^W^^, (1) 

and a? = ± I ^gaU^t, (2) 
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which enable ns readily to determine the form of the 
ellipse. 

If y=0, then (2) gives xssz^a ; therefore the ellipse cuts 
the axis of x at the points a, a'. 

K a; be supposed a greater magnitude than +a or —a, 
then in (1) we shall have a^ — x^ negative, and the values 
of y are imaginary. Therefore no point on the ellipse can 
have a greater abscissa than a or — a. 

Ka; be supposed a less magnitude than +a or —a, then 
(1) shews that for every value of x there are two values of 
y, numerically equal, but contrary in sign. This implies 
that for every point above the axis of x there is a corres- 
ponding point at the same distance below the axis of sb ; so 
that the axis of x divides the curve symmetrically. 

Also from (2) it is evident that the curve is symmetrical 
with respect to the axis of y, and that no point on the 
ellipse has an ordinate exceeding h. 

Accordingly, the ellipse is a continuous curve returning 
into itself, and divided by the axis of x into two equal 
parts ; and it is easily shewn that the centre of cm ellipse is 
a paird that hiaects every chord of the elUpse drawn through 
that pomt. 

It may be here stated that the term aoBes, in reference to 
the ellipse, is generally used to denote the lines A^A and BB' 
intercepted by the curve ; and that the former is called the 
major axis or transverse axis, the latter the minor or con- 
jugate axis. 

It may be also mentioned that the ratio denoted by the 
symbol e is called the eccentricity of the ellipse, 

40. The ellipse being symmetrically situated with respect 
to the axes, A'A, BB', there must be two foci, each having 
its corresponding directrix ; and if AH=:A'S, and AE=DA', 
the curve can be described by means of H and LI/, as focus 
and directrix. 

41. The readiest mechanical method of describing an 
ellipse is ftimished by the following property x 
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The svm of the focal distances of a/ny point on the eUvpse 
is equal to the axis major. 

For SP=ePN=:e(DC + CM)=:6(?+«)=:a+eaj; 

e 

and HP=:e-PR=e(CE-CM)=e(?-.aj)=:a— eaj; 

6 

.-. SP+PH=2a=A'A. 

Hence, for tlie point B we have SB=A'C. 

Accordingly, an ellipse may be constructed as follows : 

Let a string SPH be fastened to two points S and H, then, 
if a pencil P be moved so as to keep the string always 
stretched^ it will trace an ellipse of which S and H are the 
foci, since SP-i-PH will be constantly = A'A. 

This property of the constant snm of the focal distances 
is sometimes stated as a definition of the ellipse {See Ex. 4, 
p. 64). 

42. Either focus divides the axis major into segments, 
the rectangle of which is equal to the square of the semi- 
axis minor, so that A'S*SA=BC^. 

For A'C2=SB2=SC2-f BC2 ; therefore BC^rsA'C^-SCa 
= (A'C - SC) (A'C + SC) = A'S-S A. 

Or thus : a's = a(l — e), and SA=a(l + e) ; and we have 
already found (38) the product of these, viz. a\l — e^), = hK 

52 

43. The equation y^=-|(a^— aj*)maybeput intheform 

a 

52 

hence, if PM be any ordinate, and G the origin, 

PM«=|^j,A'MMA, 

or PM^ : A'MMA::BC2 : AfCK 

44. The double ordinate ¥H.W passing through the focus 
is called the latvs rectv/m. To find its length, we have 
a;=Cn=SC=ae, which substituted for x in the equation 
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y* =-i(a^— «*) gives 



a^ 



a^ a* a* 

hence 2/=FH=-; aiidFHF'=— . 

a a 

Tangent and Normal to an Ellipse. 

45. Tlie tangent to an ellipse may be regarded as a se« 
cant passing througli two coincident points on the curve. 
(See art. 27.) 

To find the equation to the tcmgent at a given pomt on an 
ellipse. 

Let ic, y' be the coordinates of P the given point, a?", y" 
those of another point P' on the curve, near the given point. 

The equation to the straight line PP' is 

y-y'=^^i<^^)- (1) 

The equation to the ellipse, referred to the centre as 
origin, is 

Accordingly, since (»', y') and (a", y") are points on the 
curve 

.-. a\y"^''f^)=-^h\a^'^-^'^\ 
or, a\y"-^y'){y"-y')^—b\x''+7^){7J'-^') ; 

hence, the 1st equation, by substitution, will become 

y— 2r = --^ • -77--— ,(»— a/). (2) 

a^ y'+y' 

Now, when the point (»", y") coincides with the point 
(*'> yO> '''''® have a/'=a/ and y"^^y' ; in which case (2) 

becomes y-y'= - ^2 • K (aJ-»0, 
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that ifl, y-y'= - -^, («-»'), 

or a%' + h^xx'-dJ^y'^ + 6 V», 
that is, a V + h^xa/=ia^K (3) 

46. To eajpre«« the tangent to cm ellipse in terms of the 
tcmgent of the omgle which the Ivne makes with the aads of x. 
We Iiave seen that the tangent of the angle which the 

line maikes with the major axis is — — s-/ • 

ay 

From the equation a^yy' 4- h^xx' = a^^ 
we have 2/=— « + — ; (1) 

fl^ V y 

and from the equation a^y'^ + h^x'^=zd^h^ 
behave ! + _=_; 

Let — -s— ,=^^ ; whence — ,= — r^ ; 
ay y Ir 

••72 &4-5 ^2 p-5 

hence, by substitution in (2), 

Whence, by substitution in (1), 

y=mx± Vahn^ + h^; (3) 

which is the equation to the tangent in terms of the tangent 
of the angle which the line makes with the major axis of 
the ellipse; the double sign implying that two tangents 
may be drawn making angles of equal magnitude with the 
axis of X. Hence, if the general equation to a straight 
line be 

y=:ma+n, 
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then, to detenmne the condition that any straiglit line 
should toucli the ellipse, we have 

or n^=a^m*+6^. 



47. To find the equation to the normal at a/ay 'point of an 
eWpae^ a/nd its mtercejpta on the axes. 

The normal, as formerly defined, is the line intersecting 
the tangent at right angles at tlie point of contact. 

Let (a/, y') be the point of contact of a tangent to the 
ellipse. The equation to the tangent is 

ay y' 

The equation to the normal as a straight line through 
(a/, y') is of the form y—y'sm' («—«') ; and the condition 
of its being perpendicular to the tangent requires that m' 
shall denote the reciprocal, with contrary sign, of the m 
found in the equation to the tangent, or requires that 

1 a^^ 
= — — = —^ ; hence the equation to the normal at (»', y') is 



m' 



m 



y-y'-X^"-''^' 




Now, at G, where the normal PG cuts the axis major, 
y^O, and the above equation gives 

-,.=g («,_«), or. -1=^(0,-^); 
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or, aj=:aj'^l-^^=eV; 

that is, CG=e2CM. 

Again, at GK, where the normal cuts the axis m 

and the equation to the normal gives 



a«e« 



that is, CG'=^PM. 

Note. The length of PG in terms of the focal distances of 
P and the eccentricity may be determined as follows : — 
SP=a + ea5'; HP=a— ea/; SM=a6+aj'. 
.-. PM2=:SP2-SMa=(a2-aj'«)(l-e2) ; 
GM=CM-Ca=aj'(l-e2) ; 

Hence PG2=PM2 + GM2=(l-e2) {a^'^\l^(l-^e^)y^} 

=(l-e2)(a2-eV2) = (l-e»)(a+eaj')(a-eajO; 
orPG2=(l-e2)SP-HP. 

48. The focal distances of a/mj point on the ellipse make 
equal angles with the tangent at that point, 

C being the origin, SP and HP the focal distances of P, 
and SC=CH=ae; the coordinates of S are — oe, 0, and 
those of H are ae, : let those of P be a/, i/. 

The equation to SP is 

aj +ae 

showinc: the value of tan PSM to be -y-f — . 
® ar+oe 

The equation to HP is 

y«.0=-2^(«-(w), 
^ a;'— as ^ ^ 
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showing the value of tan PHT to be —r^ — ; 

/. that of tan PHM is — ^^ . 

or— ae 

The equation to the tangent at P is 

7 2 f 

showing the value of tan PTM to be —^, . 

Cry 

Tan SPT'=tan(PSM+PTM) 



a^e^x'y' + a^ey' aey\a + eac') aey' ' 
Tan HPT=tan (PHM- PTM) 

y' _6V 

a2(aj' — ae) 
_ a262-a62eaj' _ h^(a-ex') _ 6* 



— a^e^x'y' + a^ey ' ae^/' (a — exf) aey* ' 

Therefore the angle SPT'=the angle HPT. And because 
PQ- is perpendicular to TT' we have also the complements 
SPG-, HPG equal to each other ; so that the angle between 
the focal distances of any point on the ellipse is bisected by 
the normal at that point. 

The above is a rigorous analytical proof of the proposed 
theorem. The following is another demonstration, assuming 
the 2nd part of EucHd YI. 3. 

In (47) we found CG=eV; 
/. SG=SC + CG=ae + eV=e(a+eaj')=e.SP (aci,«.\ 
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HG=CH-CG=a6-eV=6(a-eajO=eHP (art. 41) 

SO SP 






HG HP' 
hence (Eucl. VI. 3) SPG=HPG; and /. SPT'=HPT. 



49. If a ci/rcle he described on the ouxia major as diameter, 
and any ordmate, MP, of the ellipse he produced to meet the 

PM_& 
FM a' 

For CMHP'M2=CA2=a2, or, a^-QW^Vl^^ ; and the 

CM2 . PM2 



circle at P', then 



equation to the ellipse gives 



a^ 



&a 



=1, or, a2-CM« 



= ^ PM2. Therefore ^' PM2=FM2, 

0^ 0^ 

PM h 




The angle P'CM is called the eccentric angle of the 
ellipse. 

50> To fmd the locus of the intersection of a tangent to the 
ellipse with the perpendicular dromn to it from either focus. 
The equation to BB' {see figure in 49) is 

y — 72WJ= ^a^vr? 4- 6^ (1) 
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The equation to SR' drawn from the focus whose coordi- 
nates are — ae, 0, is of the form 

and that this line may be perpendicnlar to the former we 



put w'= , or 






or, wy+a;=— ae. (2) 

Similarly, the equation to HE. drawn perpendicular from 
the focus whose coordinates are ae, 0, will be 






(3) 



or rm/+x=sae. 
Squaring (1) and (2), or (1) and (3) : 

y^ — 2myx + m^x^ = ahn^ + &' ; 
rri^y^ -|- 2myx + aj* = a^e^. 
By addition 

2/2(1 + 7n«) + x^(l + m2) = ahn^ + &H a^e^ 
=a2m2-f a2=a2(l+m2) ; 

the equation to a circle whose radius is a. Therefore the 
required locus is a circle of which the major axis of the 
ellipse is a diameter. 

Note, The preceding 
result suggests the fol- 
lowing geometrical me- 
thod of drawing a tangent 
to an elHpse from any 
external poiat Q. 

Let a circle be described 
on the major axis as dia- 
meter, and another on the 
line SQ as diameter ; then 
straight lines, drawn from 

Q through R, R', the points of intersection of the two 
circles, will be the two tangents to the ellii^^a. 

d2 
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For the angles QRS, QR'S in a semicircle aie right 
angles, or R, W are points on the locus of the intersection 
of a perpendicular from the focus with the tangent. 

51. To determws the perpendicular (p) from the centre of 
an ellvpse as origin, to the tangent at a/ny pomt on the curve, 
vn terms of the angle d which p makes with the axis of x, 

(See the fig. in art. 49.) CY=_p ; YCT=a. 
The equation to the straight line TY is 

a^ h ' 
multiplying by j?, we have 

P . P 4.1, 4. • CY CY 

^ «+ 1 2/=p ; t^at IS, ^- »-!- Qjy^i' ; 

, . CY « , CY . fl 

but -^^=cos 0, and -:;— -=sm d ; 

01 CI 

,'. X cos 0+y sin d=p ; 

which, it should be remembered, is a convenient expression 
for a straight line in terms of the perpendicular on it from 
the origin and the inclination of this perpendicular to the 
axis of X, It gives 

cos 6 , p 
sm 6 sm 6 

and the condition that this line should touch the ellipse is 

_£2 _^^C0S^^j2 Ori)2 = a«COs2a + &2sin20; 

or _p2-=a2 cos20 + ^^(l — e^)sm^Q ; 
= a^ (cos^e + sin20) — a^e^ sin>a ; 
that is, _p2=a2(i_e2 sin^a) ; 
which determines jp as required. 

52. In this article we shall give a fbw Examples and 
Exercises on the Ellipse. 



EXAMPLES. • 5ar 

Examples. 
Ex, (1). Find the eccentricity of the ellipse 

Here, in order to make the equation assume the form 
we divide it by 2n\ which gives 

.\ a^=zin\ &9=in«, and ^=|. 
Nowe'=l-^=l-f=|=TJffOf6; 



a^ 



.\ e=Jv6. 



Ex. (2). !Rnd the eccentriciiy of the ellipse in which the 
normal at P, the extremiiy of the latns rectum, passes 
through B', the extremity of the axis minor. 



a^e^ 



From art. 47 we have CB'=rL;-FH ; 

that is, o=-7s- • — =ae*; 
0* a 

.*. e4=^=l-e2 ; or eHe^=l ; 
whence e=i>v/(2\/5— 2). 

Ex, (3). The focal distances of a point P, on an ellipse, 
are SP=18, HP=8, and the semi-axis minor is 5. Find 
the coordinates of P referred to the centre as origin. 

(See the fig. in 34.) a=i(18+8) =13 ; 6=5 ; 
hence e=^/'(l-~)=|f; also SC=ae=12, SH=24, 

SM2-MH2=SP2-HP2; 
that is, (SM+MH)(SM-.MH) = (SP + HP)(SP~HP), 
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or 24(SM-MH)=26 x 10 ; /. SM~MH=10| ; 

hence SM=17^; 
A CM=SM-S0=5^,. 

=.25-VV¥ of 25=1^ of 25= A\ of 119 ; 

therefore the required coordinates are »'=5^, y'=A v/119« 

Ex, (4). Investigate the equation to the curve that is the 
locus of a point, the sum of whose distances from two given 
points is constant. 

Let S, n be the two fixed points, 
and take C the middle point of y 

SH as origin. Let P be a point 
on the locus, and let 

SP+HP=2a, and SH=2c. 

SP2=(c+»)^+2/^ 

HP2=(c-aJ)2+2/^ 

.-. SP2-HP2=4caj; 




SPg-HP^ _qp jrjy 4cx 2cx 



a 



hence, SP=a+ — . 

a 



c^aj* 



which gives a' + __ =0^ 4.3.8 _|_y« j 



a' 



whence y^=^^~^\ga— gg) ; 



a^ 



which is the equation to an ellipse having a* — c*=6', that 
is, having S and H for the foci. 

Ux, (5). Shew that the locus of one end of a given 
straight rod, whose other end and a given point in it move 
in straight lines at right angles to each other, is an ellipse. 
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Let AP be the given rod, Q the given point in it, P the 
end whose locus is required. 

Let ¥Y and CX be the two 
straight lines intersecting at 
right angles at C; and on 
them take segments FG, 
CB, respectively =CE, ED, 
= AQ,QP. 

Let AP=CD=a, PQ= 
BC=&, CM=aj, PM=y, and 
the angle PQM=6. 

By similar triangles, -- =^_. , that is, 2=co8 0; 

Air yjr 




a 



:?vw or 



QP 

/. ?!+ |!=cos20 + sin«0=l ; 



-•f=8in 6; 





a 



3 



&2 



which is the equation to an ellipse. 

Ex, (6). Determine the locus of the point of intersection 
of two tangents to an ellipse at right angles to each other. 
The equation to the tangent is 

if the tangent pass through a given point, (^, Jc), then 



2hh . h^-k^ 



or in^ + 



m+ 



=0; 



(1) 



whence two values of m are determined ; let them be called 

t and if. Then, since 

y—mx^s-k—mh, or y--A;=m(iB— ^), 

the equations to the two tangents will be 

y—k:=zt(x-h), (2) 

y-^k=f(x'-h); (3) 

and if (2) and (3) are to be at right angles to each other. 



then 



^=».±,or^^+l=0; 
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but if m=< or H^ then m— <=0, and m— ^^=0, 

or m2— (HO^+^'=0, 
which compared with (1) shows t^=-x — =^ ; 

a' — fi^ 

hence the locus of the point (h, h) is a circle. 

Ex. (7), Pind, in terms of the focal distances of a poi 
P on the ellipse, the perpendiculars HE., SR' fix)m the f( 
on the tangent at P ; and shew that HR'SR'=&^. 

(See the figures in arts. 47, 49.) 

The equation to the tangent at P is 

For the point T, where it meets the axis of aj, we have 
v=0, .-. aj=CT= ^; and GT=CT-CG= ?5!-eV 

^a^-eV^ ^^^ HT=GT-GH=^-=^-e(a-e;B 

Now, by similar triangles, pQ^= Qrpi ' 

HI12 a2 HR« a« 

or, -r= jr^-^-a K-7KT=-7 TTT. *> OF, 



' (l-e^)(«^-eV«)"(«-f-ea.O^' ' ^(e,-ea.o"a+ 



a^' 



ea; 



^^*'®' F'1^""SP' 

hence, HR2= ^=r- . &^. 

Similarly, it may be shewn that the other perpendicnl 

is determined by SR'2=_— . h^, 

.\ HRSR'=&^ 
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Exercises [D], 

1. Knd the eccentricity of each of the following ellipses : 

(i.) 3aj2+42/«=c2. (ii.) 3a;2 + 62/^=^2. 

(iii.) 25ajH16V=7802. 

2. What is the eccentricity of the ellipse, when A'B is 
parallel to CF, in fig. of art. 34 ? 

3. The focal distances of a point P on an ellipse, whose 
eccentricity is |^, are SP=4, HP=6. Find the coordinates 
of P referred to the centre as origin. 

4. Find the equation to the normal at F, an extremity of 
the latns rectum. 

6. The coordinates of a point P, on an ellipse whose 
eccentriciiy is ^V2, are aj'ss^ ^2 and y'=|^v^238. Find 
SP and HP. 

6. Shew that the equation to the tangent to the ellipse 
2x^ + Sy^=lS, inclined to the axis of « at an angle of 30°, is 
3t/=aV3±9. 

7. Shew that, in an ellipse, if a^=2&^, the angle SBH is 
a right angle. 

8. Shew that the lengths of the perpendiculars fipom the 
foci of an ellipse, on a tangent inclined to the axis major at 
an angle ^, are =a {e sin 0+ (1 — e^ cos^^)*} . 

9. Assuming ira^ as the area of the circle described on 
the major axis of the ellipse, shew that the radius of a circle 
is a mean proportional between the semi-axes of an ellipse 
equal in area to the circle. 

10. Find the equation to the tangent at F, the extremity 

of the latus rectum of the ellipse ;r-7; + -#-;; = 1» and the 

lengths of the intercepts of the tangent on the axes. 

11. Two given circles touch each other internally : shew 
that the locus of the centre of a circle in the space between 
their circumferences, and touching both, is an ellipse having 
their centres for its foci. 

12. Shew that if y be the ordinate of any point P on an 

2&2 
ellipse, the tangent of the angle A'PA is =— — -- , 

i>3 ^ 
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The Hyperbola. 

53. The hyperbola is the locus of a point, whose distance 
£rom a given fixed point is always greater, in a constant 
ratio, than its distance from a given fixed straight line. 

Let H be the given point, and KK' the given straight 
line. Draw HD perpendicular to KK'. Let P be a point 
on the locus ; join HP, and draw PM parallel to KK\ and 
PN parallel to DH 



X' 





B' 



Take D, in the line KK', as the origin, DH as the axis of 

X, KKf as the axis of y, 

AH" HP 
Divide DH at A, so that _—=__ = the constant ratio, 

AD FN 

a value greater than unity, which we may call e. Let DH 
be called p ; and let x, y be the coordinates of P. 

We have HP=ePN ; .*. HP2=e2PN2, 

or, PM2 + HM2=e2DM2, 

that is, y^ + (a;-jp)2=eV . 

which is the equation to the hyperbola referred to the 
origin and axes assumed. 

54. For the point where the hyperbola meets the axis of 
X, we have ^=0, and the equation becomes 

(aj— jp)2=e2aj2; 
this gives «— jp= + eaj, or (l+e)aj=2?, or «= ~5r-, signi- 
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fying that the hyperbola meets the axis at two points, A 
and A' ; but as e exceeds wriityy 1 — e is a negatiye quantity ; 

so that we have DA', measured to the left of D, =-=2-=- , 

and DA=-£- . 

1+0 

C, the middle point of A'A, is called the centre, and the 
extremities A, A' are called the vertices, of the hyperbola. 
Also, the fixed point H is called the focus, and the fixed 
line kK^ the directrix of the hyperbola. 

55. Let the line A'A=i2a ; then CA=:a. 
Since A' is a point on the locus, we have 

_HA'_ 2a+ AH _ 2a+e . DA * 
^ DA'"2a-DA"' 2a -DA ' 
whence are derived the following values : 

(i.)DA=?(e-l); 

6 

(ii.) AH=e-DA=a(e-l); 
(iii.) CD=:a-DA=-; 

6 

(iv.) CH=:a+AH=ae; 
(v.) DH=jp=CH-CD=ae-?=?(0«-l). 

56. Suppose the origiu to be at A. 

In this case, AM takes the place of DM ; and if AM be 

called a/, then DM=DA+a/, that is* aj=aj'+a— - ; whence, 

e 

by substitution in the equation 

we have y2+ /'aj'+a- - -ae+ -y = {ea/4-a(e-l)} ^ 

or, y«+ {a/-a(e-l)}«= {ea/+a(e-l)}>, 

or, yH«'*-2a(e— ly =eV2+2ae(e-l)aj', 

or, ya+aj'8-2a(e+l)(e-l)a;'=eV2, 

... ya-a/2(e2_l)=2aaj'(e^-l), 

that is, y2=(e2-l)(2aa/+aj'a). 
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Now, as A is to be acconnted the origin, we may remove 
the accent, and the equation will be 

y2=(e2_l)(2aaj+aJ^). 

S7. Suppose the origin to be at C. 

Here, again, we might put x* for CM, and substitute 

a/ for X in the original equation. 

Or, we may at once let x and y be the coordinates ; then 
we shall have 

HM=CM-CH=:aj-ae ; 

DM=CM-CD=a;-?; 

e 

or e'DM=eaj— a; 

hence, equivalent to PM^-f-HM^sse^DM^, we have 

2/2 -h (a; — ae)2 = (eaj — a)2, 

or, 2/2=(e2-l)(a;2-a2). 

Now, if we suppose aj^O, we get y^— -^a^i^^a^^ a 
negative value, since e is greater than uniiy ; and there- 
fore, assigning to ^ an impossible value, that is, denoting 
that the curve does not cut the axis of y. As, however, 
there will be a point on the curve having for its ordinate 
y'ssa-v/e^— 1, we may take B0=CB'=aV^e2— 1, and csall 
this magnitude 6 ; 

thus l^zzzaHe^ - 1), or e^-l— ^ . 

The equation, therefore, may be written 

2/^= ^ (aj2-a2)^ 

which is reducible to the more symmetrical form 
a2^2_52a.2--_a22,2 or ^- ?!=1 ; 

which is the equation to the hyperbola, referred to the centre 
as origin, and is the one most frequently employed. 
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58. The above equation is convertible into the forms 

y=± ^ A/5«^:^a » (1) 

«= ± I ^/f+h^ ' (2) 

which enable us readily to determine the form of the 
hyberbola. 

I£y=z0, then (2) gives «= + a; therefore the hyperbola 
cuts the axis of x at the points A, A'. 

Kaj be supposed a less magnitude than +a or —a, then 
in (1) we shall have x^—a^ negative, and the values of y 
are imaginary. Therefore, no point of the hyperbola is 
situated between A and A'. 

If a? be supposed a greater magnitude than +a or —a, 
then (1) shews that for every value of x there are two 
values of y, numerically equal, but contrary in sign. This 
implies that, for every point above the axis of aj, there is a 
corresponding point at the same distance below the a3ds of 
25, so that the axis of x divides the curve synmietrically. 

Moreover, as x increases, the values of y increase ; and 
when X becomes indefinitely great, so also does y. 

Accordingly, the hyperbola consists of two opposite and 
similar branches, respectively extending to the right of A 
and to the left of A' indefinitely. 

It may be here stated that the term axes, in reference to 
the hyperbola, is generally used to denote the lines AA' and 
BB', and that the former is called the transverse axis, the 
latter the conjugate axis. 

It may be also mentioned that the ratio denoted by the 
symbol e is called the eccentriciiy of the hyperbola. 

59. The hyperbola being symmetrically situated with 
respect to the axes AA', BB', there must be two foci, each 
having its corresponding directrix ; and if A'S=AH, and 
A'EssDA, the curve can be described by means of S and 
LI/, as focus and directrix. {See fig. in 60.) 
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60. Tlie readiest mechanical metliod of describiiig an 
hyperbola is furnished by iihe following property : 

The difference of the focal distoMces of an/y jpomt on the 
hyperbola is equal to the transverse axis. 

For SP=e-PN'=e(OM + CE)=e/'aj'+-)=eaj'+a, 

HP=e • PN=:e(OM - CD) = e ('a/- -^ =eaj' - a, 

/. SP-PH=2a. 
Accordingly, an hyperbola may be constructed as follows : 




Let a ruler SR revolve round S in the plane of the 
paper, and let a string ETPR, fastened to R and H, be of 
such length, that SR— HPR=2a; then with a pencil, P, 
keep the string stretched against SR as the ruler revolves, 
and the point will trace out a portion of the hyperbola of 
which S and H are the foci, since SP — PH will be con- 
stantly =2a. 

61. The equation y^= -s (a;^— a^) may be put in the form 



a 



7i2 

2/2= (a;+a)(aj-a); 
a^ 

hence, if PM be any ordinate, and C the origin, 

PM2=^' • A'M • MA, 
or PM« : A'M • MA : : BC> : CA«. 
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'62. The double ordinate FHP, passing through the 
focus, is called the latus rectvmi. To find its length, we 
have fl;=:CH=a6, which substituted for x in the equation 

a" a* a* 

hence y =FH= ^ , and FHF'=?^^ . 

a a 
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63. K we compare the equations to the ellipse and 
hyperbola, 

that for the ellipse being y^= -5 (a*— aj^), 

Cb 

that for the hyberbola 2/^= -— (x^ —a*) 

it will appear that the latter may be derived from the former 
by writing — V^ for l!^. Hence 

To find the equation to the tangent at a given point (»', y*) 
on an hyperbola : 

Instead of repeating the procedure in art. 45, we need 
only write — &^ for 6* in the equation there found, and we 
have 

or a^yy' - hhxxf^ - a^^. 

64. To express the tcmgent to cm hyperbola m terms of the 
tam,gent of the omgle which the line makes with the axis of x. 

Here the required expression may be at once derived from 
that in art. 46 ; thus, 

yzszmx'\' Vahn^—b'^i 
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the double sign implying that two tangents may be drawn, 
making equal angles with the axis of x, 

65. To find the equation to the normal at a given point 
(aj'j y') on an hyperbola, amd its intercepts on the aaes. 

Here, again, replacing 6^ by —6^, we obtain from art. 47, 
for the equation to the normal PG, 

Also, for the intercepts, we should find, as in art. 47, 




a^e^ 



CGsse^CM, and CG'=~^ PM, which are the lengths of 

ihe intercepts made by the normal PG with the axes. 

Note. In determining the length of PG itself^ we shall 

find 

PM2=(aj'2«a2)(e2_i)^ 

GM=a5'(e5»-l); 
.-. PG2=PM« + GM2 = (e^ - 1) (1 + e2 - l)aj'» - (e2 -l)a>, 

=(e2-l)(eV2-a2)=(ea-l)(ea/+a)(eaj'~a), 
orPGa=(e>-l)SP-HP. 
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66. The focal distcmcea of omy point on the hyperbola make 
equal a/nglea with the ta/ngent at that point. 

This may be proved by tbe metbod employed in art. 48. 
And bence also iibe angle between tbe focal distances of any 
point on tbe byperbola is bisected by tbe normal at tbat 
point ; or SPT=HPT. 

67. To find the locus of the intersection of a tangent to the 
hyperbola with the perpendicular drawn to it from either 
foaus. 

By pursuing tbe metbod employed in art. 50, tbe required 
locus will be ascertained to be a circle of wbicb tbe trans- 
verse axis is a diameter; and tbe result will, as in tbat 
article, suggest a geometrical metbod of drawing a tangent 
to an byperbola from any external point. 

€8. To determine the perpendicular, p, from the centre of 
cm hyperbola as origin^ to the tangent at omy point on the 
curve, in terms of the angle 0, which p makes with the axis 
ofx. 

In tbe expression found in art. 51, substitute —6* for 6^, 
and tbe equation determining p will be 

jp»=a« COS20 - 62 gin2(J^ 

orjp2=a2 cos26— a2(e«-l) sin^O, 
=a2(cosa6+sin26)-a2e> sin^^, 
tbat is, jp2=a2(l - e2 sin^O) ; 
wbicb is tbe same result as tbat for the ellipse. 

69. All tbe properties of tbe hyperbola shewn in tbe 
preceding articles on that curve have been found similar to 
those of tbe elHpse. There are peculiar properties of tbe 
hyperbola, of which, in this introductory treatise, we do 
not consider the investigation to be necessary. We will, 
however, direct the attention of the student to one remark- 
able property of the hyperbola, — ^that of tbe asymptotes. 
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The equation to the hyperbola, viz., 

may be put in the form 

hence v=+ — //( 1 ^], 

^ ■" a V «*/ 

Now, as X increases, the value of -- diminishes, so that 

that value becomes zero when, but not until, x becomes 
infinite ; and then 

— a 
K, therefore, through the centre C, as origin, two straight 
lines, CL, CBI, be drawn, ma-kiTig 
with the axis of x angles'LCX, KCX, 

whose tangents are, respectively, - 

and — - , these lines will continually 
a 

approach the curve, and yet never 

meet it. For the equations to the 

lines are 

y=-aj, and 2/=-««, 
a a 

and we have seen that y cannot become = + - a; till x be- 

— a 

comes infinite. 

The lines CL, CK are called Asymptotes to the hyperbola : 
the word asymptote, of Greek origin, signifying without 
comcidence or contact. 

70« When the angle LCX is half a right angle, the tangent 
-=1, or 6=a; and the value h^^^a^^e^ — l) gives e^=2. 
The curve is then caUed an equilateral hyperbola, because 
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of tlie equality of tihe axes, and also a rectcmgula/r hyper- 
bola, because of LCL', tlie angle between the asymptotes, 
being a right angle. 

71> To finS, the equation to the rectcmgula/r hyperbola 
ref&rred to the asymptotes as axes. 

In the eqnation to the hyperbola, 

let &=:a ; then 

Now, let P be a point on the rectangular hyperbola, 
CX, CY the original axes, CXj, 
CYi the axes coincident with the 
asymptotes. 

Let CM=aj, PM=y, CM'=RM' 
=«', PM =y. 

aj=CM=CN+NM 

=0/ cos 45° +y' cos 45® 

PM 

y=PM=PR ^=(/«a/) sin 45o=i V2(y-a/) ; 

that is, 4ajy ==2a^ 
or, suppressing the accents, 

the equation required. 

72. We will now propose a few Exercises on the hyber- 
bola without an introduction of worked Examples. 
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EXEBOISES [E]. 

1. The eccentricity of an hyperbola is 2 : Shew that the 
equation to the curve is y=3(aj'— a*). 

2. Required the eccentricity and latns rectum of an 
hyperbola whose equation is 2y^^S(x^+2n^), 

3. Shew that the tangent at A, the vertex of an ellipse 
or of an hyperbola, is at right angles to the transverse axis. 

4. The tangent to an hyperbola at P cuts the transverse 
axis at T, and the tangent at the vertex A intercepts CP 
at E : Shew that the straight line TE is parallel *to the 
straight line AP. 

5. What relation must subsist between the constants, 

in order that the line -^ — =1 may be a tangent to the 

m n 

hyperbola ~— |^=1 ? 

6. If an ellipse and an hyperbola have the same foci, the 
locus of the intersection of tangents to them, at right angles 
to each other, is a circle. 

7. Find the locus of the intersection of tangents drawn 
from the fixed points A and B to a circle touching the 
straight line AB at a fixed point. 

8. If P be any point on an hyperbola, shew that 

tan i PSH tan i PHS=?::iJ . 

9. Through the extremities of PP', a double ordinate of 
an ellipse, are drawn the straight lines A'PQ, P'AQ, meeting 
at Q : Shew that the locus of Q is an hyperbola having the 
same axes as the ellipse. 

10. A circle is described, having the focus of an hyper- 
bola as centre, and a diameter equal to the conjugate axis : 
Shew that the asymptotes are tangents to the circle at the 
points where they intersect the nearer directrix. 
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The Parabola. 

73. The parabola is the locus of a point whose distance 
from a given fixed point is always equal to its distance from 
a given fixed straight line. 

Let S be the given point, and KK' the given line. Draw 
SD perpendicular to KK'. Let P be 
a point on the locus ; join SP, and 
draw PM parallel to KK', and PN 
parallel to DS. 

Take D as the origin, DS as the 
axis of X, KK' as the axis of y. 

Bisect DS at A ; suppose AS=a ; 
and let x, y be the coordinates of P. 

We have SP=PN; /. SP2=PN2; 
orPM2 + SM2=DM2; 

that is, y^ + (x—2ay=x\ 
or, y^=4ia(x—a) ; 
which is the equation to the parabola, referred to the origin 
and axes assumed. 

74. Por the point where the parabola meets the axis of 
X, we have 2/=0, and the equation becomes x=a, signifying 
that the curve meets the axis at one point A, so that 
DA=AS. 

A is called the vertex, AX the axis, S the focus, and KK' 
the directrix, of the parabola. 

75. Suppose the origin to be at A. 

Li this case, AM takes the place of DM ; and if AM be 
called x\ then DM = a/ -fa, that is, x=x'+a', whence, by 
substitution in the equation y^^4a(aj— a), we have 

2/2=4aaj'. 

Now, as A is to be accounted the origin, we may remove 
the accent, and we shall have 

y^=4iax, 
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whicli is the equation to the parabola referred to the vertex 
as origin, and is the one most frequently employed. 

76. The above equation is convertible into the form 

which enables us readily to determine the form, of the 
parabola. 

If aj be supposed negative, the values of y are imaginary. 
Therefore no point on the parabola is situated on the left of 
the origin. 

For every positive value of x there are two values of y, 
numerically equal, but contrary in sign. This implies that 
for every point above the axis of x there is a corresponding 
point at the same distance below the axis of x; so that the 
axis of X divides the curve symmetrically. 

Moreover, as x increases, the values 
of y increase, and when x becomes in- 
definitely great, so also does y. 

Accordingly, the parabola is a non- 
central curve, extending indefinitely to 
the right of A. 




77. The focal distance of any point 
P on the parabola, being equal to its 
distance from the directrix, we have 

SP=AM+AS, orSP=aj+a. 
The double ordinate LSI/ passing 
through the focus is called the latus rectum. To find its 
length, we have a;=AS=a; 2/*=LS*=4aaj=4a^ ; hence 
y=z^2a; .\ LSI/=4a. 



Tangent and Normal to a Parabola. 

78. The tangent to a parabola may be regarded as a 
secant passing through two coincident points on the curve* 
{See art. 27.) 
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To find the equation to the tangent at a gwen point on a 
pa/rahola. 

Let a/, y' be the coordinates of P the given point, «", y" 
those of another point P' on the curve, near the given 
point. 

The equation to the straight line PP' is 

y-y-^^i (*-'«')• (1) 

The equation to the parabola referred to the vertex as 
origin is 

Accordingly, since (»', y') and (aj", y") are points on the 
curve, 

^'2=400/, and y"^=z4iaQBf' ; 

or (y'+2/0(y'-2/0=4a(a/'-ajO; 
. y"-y' 4ia . 



• • 



hence the 1st equation, by substitution, will become 

y-y-^ («'-«''). (2) 

Now, when the point (aj", y") coincides with the point 
(a/, yO> ^^ ^ve QBf^=.iisf, and y"=y^; in which case (2) 

becomes y-^yf=^^ (»-ajO> 

that is, y^y^= -^ (aj— a?'), 

or y^'— 2aa5+2aaj'=2/'*=4aa;' ; 
/. 2/2/'=2a(aj+a/). 

79. To express the tangent to a parabola m terms of the 
tangent of the angle which the line makes with the aads of x. 

We have seen that the tangent of the angle which the 

2a 
line makes with the axis of aj is — ^ . 
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From the equation yy'=2a(af +0/) 

, 2a , laai 

1/ y 

2a . 4aa/ 
that is, y= 4 '"+ ^ , 

Let -?^=w!: /. ^= — , or^=— ; hence by snbstitiition 
y' 2a m 2 m 

m 

whicli is the equation to the tangent in terms of the 
tangent of the angle which the line makes with the axis of 
the parabola. 

80* To find the equation to the normal at wn/y point on a 
parabola. 

Let (x\ y') be the point of contact of a tangent to the 
parabola. 

The equation to the tangent is 

2a , y' 

The equation to the normal, as a straight line through 
(a/, y'), is of the form 

2/— 2/'=m'(aj— a/) ; 

and the condition of its being perpendicular to the tangent 

1 v' 

requires that m'= = — ^f- ; hence the equation to the 

m 2a 

normal at («', y') is 
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At G-, where the normal PG meetd the axis, ^=0, and the 
above equation gives 

or a;— aj'=2a, 

that is, AG-.AM=MG=2a. ^ 

At T, where the tangent 
TP meets the axis, 2/=0, and 
the equation to the tangent, 
viz., yi/'=2a(aj+aj'), becomes 
aj= — a?', that is, AM=AT. 

Hence also ST=aj+a=SP. 

Therefore the axis of a parabola, and the focal distance 
of any point on the curve to which a tangent is drawn, 
make equal angles with the tangent, and also equal angles 
with the normal ; consequently SG=SP. 

81. To find the locus of the intersection of a tangent to the 
parabola with the perpendicular drawn to it from the focus. 

The equation to TP is 




y=zmx+ — . 



(1) 



The equation to SR drawn from the focus whose coordi- 
nates are a, 0, is of the form 

2/=m'(aj— a), 

and that this line may be perpendicular to the former we 

put w'= , or 



Tfl 



y—-- (aJ-a); 



m 



(2) 



1 

hence mx+ — = (a? — »)> 

m m 



E 
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or m^aj+o^a— as, 
or (l+m2)aj=0; 
but 1 +m^ is not = ; .'• x=0 ; 

or, the locus of the intersection of a tangent to the parabola 
with the perpendicular on it from the focus is the axis 
of y. 

82. We shall here propose a few Exercises on the 
parabola. 

EXEECISEB [F]. 

1. A straight line AL is drawn from the vertex of a 
parabola to an extremity of the latus rectum : Find the 
angle which AL makes with a tangent at L. 

2. Find the length of TP, a tangent to a parabola at the 
point P, inclined to the axis at an angle PTX=60**, 

3. LL' being the latus rectum of a parabola whose vertex 
is A : Find the diameter of a circle described about the 
triangle LAI/. 

4. If the tangent at a point P on a parabola be inclined 
to the axis at an angle of 30^, shew that the focal distance 
is equal to the latus rectum. 

5. A tangent is drawn to a parabola at L, an extremity of 
the latus rectum: Find the length of the normal chord 
LGM3', 

6. AB is a fixed diameter of a circle whose centre is C ; 
and D£ is any chord parallel to AB : Find the locus of the 
intersection of CD with a straight line AQ drawn to the 
middle point of DE. 

7. PSP' is any focal chord of a parabola, the straight Hne 
AP cutting the latus rectum at Q : Shew that the straight 
line QP' is bisected by the axis. 

8. LS is the semi-latus rectum of a parabola APL, whose 
vertex is A and focus S ; and D is the point where the axis 
meets the directrix; a straight hne from D through P 
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meets the semi-latus rectum at N, and NQ is drawn parallel 
to DS, and SPQ is drawn to meet NQ : Shew that the locus 
of Q is a circle. 

9. Two tangents are drawn to a parabola, and are inclined 
to the axis at angles the difference of whose cotangents is 
equal to a constant quantity d : Shew that the locus of the 
intersection of the tangents is a parabola equal to the 
original parabola. 



Transfoemation op Coordinates. 

83. It is often convenient to alter given coordinates with 
respect to origin, or direction, or both. This can be done 
with either oblique or rectangular axes. We confine our 
illustrations to the latter. 

To transfer the origin of coordinates to a/nother pomt^ with' 
out changing the direction of the axes. 

Let CX', OT' be new axes 
parallel to the original axes 
OX, OY. Let the coordi- 
nates of the new origin re- 
ferred to the old origin be 
OA^A, 0'A=A;. Let x, y 
be the original coordinates 
of a point P, and a?', y' the 
new coordinates of the same 
point. 

»=OM=AM+OA=a/+^ ; 

which are the values of x and y that must be substituted 
in order to express what the equation to any locus becomes 
when referred to the new axes. 

84. To change one system of recta/ngula/r aaSes to a/nother 

vnth the same origin, 

a 2 





Y 


r 


P 






0' 


IT » 







A 1 


£ X 
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Let OX', OY' be new rectangular axes, having the same 
origin as OX, OY, the ori- 
ginal axes. Let x, y be the 
original coordinates of a point 
P, and x', y' the new coordi- 
nates of the point. 

Draw PM, PM' parallel to 
OY, OY', and M^N, M'E 
parallel to OY, OX. 

The axes have been turned 
round O, through an angle 
XOX' ; let that angle = Q • 
then aj=OM=ON-EM', 

y=PM=PE-fM'N; 

but the angle EPM'=XOX'=0; 

.\ EM'=PM' sin ; and PE=PM' cos 6 ; 

ON =0M' cos ; and M'N=OM' sin 0. 

/. »=»' cos 0— y' sin 0; 

y=aj' sin 0-j-y' cos 0; 

which are the values of x and y that must be substituted in 
order to express what the equation to any locus becomes 
when referred to the new axes. 

To make this case include a transfer of the origin to the 
point (^, A;), we have only to substitute xf' + h for a/, and 
y"+k for y'. 

85. The general equation of the second degree is 

and it most frequently represents some curve. 

It may, however, represent two straight lines. Thus, if 
we have 

6a;2-llaj2/ + 3y2_3a.^ 8y-3=0, 

then solving this as a quadratic for y, we shall obtdin as the 
two values of y, 

y=3a;-3, and =f aj+^, 
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shewing that the given equation is the product of 

and 3y— 2a;— 1=0, 

and therefore represents two straight lines. 

We proceed to shew how transformation of coordinates 
may be applied for the reduction of the general equation of 
the second degree to the forms by which loci are readily 
distinguished. 

86. Let us begin by examining how the terms inyolying 
the simple powers of x and y may be removed. 

If we transfer the origin to a point (h, k), without 
altering the direction of the rectangular axes ; that is, if 
we substitute x'+h for x, and y^+k for y, we shall have 

Aa;'2 4- 2Ahxf + AJi^ + Bx'y" + BA;a/ + B%' + B^^ 

that is, 

Ax'^ + Baj'y' + Cy'^ + (2 AA +Bk+ By + (BA + 2CA; + E)2/' 

+ AAH B^A; + CA;2 + D A + EA; + F=0. 

Now, to try to get rid of the terms of a/ and y', let us 
equate their coefficients to zero ; thus, 

2M+BA;+D=0 ; and BA+2CA;+E=0 ; 

. 7._-2AA— D -BA-B .,. 

..a; g = 20 ' ^^^ 

^=-2A~ =— B • (^> 

From (1) we have A= 



From (2) we have k= 



B2-4A0 
2AE-BD 



B2-4A-0 

It appears then that such values of h and k can be 
assigned as will make the coefficients of x and y = zero, 
except when B^— 4A'C=0. 
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87. When B^— 4A-C=0, or B2=4A'C, we do not get rid 
of the simple powers of x and y hj equating their coefficients 
to zero as above ; but we can get rid of the product of the 
variables by putting 

ajssa/ cos O—j/aiRdf 

y=aj' sin 0+y cos 0. 

The general equation then becomes 
A(aj'«cos2(9-2ajy coseBme+y^Bm^d)+B(a/^ sin0 cosO- 
a/y' Bin^e + x'y' cos^O -y^^ Bind cos 6) + C(a/2 sin>e + 
2a/2/' sin 6 cos d+y^^ cos^d) +D(«' cos 0-y' sin 0) + 
E(aj' sin + 2/' cos 0) + F= ; 
or, since 2 sin cos 0=sin 20, and cos*0— sin^0=:oos 20, 
aj'2(A cos20 + iB sin 2 + C sin20) 

+ajy {(^ --^) sin 2 + B cos 20} 
+y'\A sin20-iB sin 20+ C cos»0) 
i-aj'(Dcos0+Esin0) 
+2/'(Ecos0-Dsin0) 
+ F 

Now, the tangent of an angle may be of any magnitude; 
and therefore we may put 

B , ozi sin2 
-r — 3==tan 20= -— , 

A— cos 2 0' 

whereby we make — B cos 2 0= (0 —A) sin 2 0, 

and thus, by substitution in the coefficient of x'y\ that 
coefficient will become zero. 

We can, therefore, always get rid of the product of the 
variables by turning the axes through an angle such that 

tan 20= .— =, . 
A— C 

Let us now seek the corresponding values of the coef- 
ficients of aj'^ and ^^ • 

2 A COS20+2C sin20=A(2 -2 sina0) +20 sin*© ; 



) =0. 
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but, by Trigonometiy, 2 sin^0=l— cos 2 6; thus making 
the expression become 

= A(l + cos 2 0) + C(l -cos 2 0) 

=A+C + (A-C) cos 20; 
/. Acos«0+C sin^0=i{A+C+(A-C) cos20}. 
Similarly, 

Asin20+Ccos20=i{A+C-(A-C)cos20}. 
Hence the terms involving a;'^ and yf2 become 

aj'2-i{A+C + (A-C) cos 20+B sin 20} 
+ 2/'^-M^+C-(A-C)cos20-Bsin20}. 

XT 4. 2 o/j sin2 20 B2 
Now,ten«20=_^2-=^j-^^; 

-^^^^^=v/(A-C)^+B^> 

(A-C)cos20=^^^=^^; 

so that the terms involving a/* and y'^ become 

aj^-i{A+C4- V(A-0)2+B2} 
+2/^-i(A + C-^/(A-C)HB2} ; 

where it will be observed that the product of the coeflBcients 
is K-^AC-B^) ; if, therefore, 4A-0-B2=0, one of these 
coef&cients must vanish. 

In this case, if the coefficient of x^=0, then the general 
equation, having lost x'^ and oefy', becomes 

cyHDv+Ey+F=o, 

which may be written 



/ , , E' \« D' , P 



E'2 

or, { y'+^, ) =-~ ^~^'+4Q/» 
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I^* -"S7S7 ^ called P, and let —-_-—-_ be called R; 
20' 4C'*D It 

then, (j,'_P)«=_g.'(a^_E); 

hence, if D be not = 0, and the origin be transferred to the 
point (R, P), 

writing oj'^+R for a/, and ^ +P for y', we shall have 

which is the equation to a parabola, the coordinates to the 
vertex being R and P. 

88. We will now proceed to Examples and Exercises on 
the use of those expedients that we have found available for 
the transformation of coordinates. 



Examples. 

Ex, (1). Transform the equation aj+2'/ajy+y=c, by 
turning the axes of the coordinates through half a right 
angle. 

Here 0=45% and sin 0=cos 0=^^/2. 

Putting x^Tif cos — y' sin 0, and y^=^x* sin 0+y' cos 0, we 

have a5=i-v/2(aj'- 2/0; andy=i^2(aj'+y') > 

•*• « +y + 2 y/QBy=c becomes 

or, (V2a?'-c)2=2»'2-22/'«; 
or, y'^=c^2x'-'\(^. 

Ex, (2). Transform the equation 

5aj2— 4a5y+22/2— 3aj=0, 

by removing the simple power of x and the product of the 
variables. 

Here A=5, B=-4, C=2, D=:-3, E=0, F=0; and 
B2-4A0 being =16—40=^-24, we can get rid of the 
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simple power of x by transferring the origin to the point 
(hy Jc)y taking 

2CD-BE -12 1 



fe= 



h=^ 



Ba-4AC -24 2 ' 
2AE-BD -12 1 



B2-4AC -24 2 • 

Thus for X take x' H- ^, and for y take y' H- ^ ; then, 

S(aj'+i)^~4(aj'+i)(2/'+i) + 2(7/+i)2-3(aj'+i)=0; 

or 20aj'2-l6a;y + 82/'2-3=0. 
Now, to remove the product of the variables, take tan 2d 
__ B _ -4_ 4 
A-0 5-2 3* 

By Trigonometry, tan e=^^^:(^±^^l^=I±^^2 ; 

.*. sin 0=f v^ 5, and cos 0=^ -v/S. 
Hence, putting a;" cos 0— i/" sin for a?', 

a/' sin 6 -f 2/" cos for y\ 
we have 

20(^ V'Saj''- f -v/5y")^ =4a/'2-16a/y'+162/"2 
8(f ^/5aj"+iV52/'0' = 6|aj"2 + 6fa/y' + lfy''2 

sum 4aj"2 + 242/"2=3; 

or, suppressing the accents, 

which is the equation to an ellipse whose axes are 2a= \/3, 
and2&=i>v/2. 

J57a;. (3). Enquired the latus rectum, and the coordinates 
of the vertex, of the parabola whose equation is 

ic^ — 4a;i/ 4- 41/2 — 4aj — 2?/ + 10 = 0. 

Here A=l, B=-4, C=4, D=-4, E = -2, F=10. 

B^— 4AC being =0, we cannot remove the origin. Let 
us, however, turn the axes through an angle 6 such that 
4. ofl B 4 

^ ^^=Airc= 3 • 
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We liave tan 0=J, /, sin 0=^^6, and cos 0=f ^6. 

Hence, putting f \/5aj'— ^ V'Sy' for », 

i V'Saj'H- 1^/5/ for y, 

the given equation is reduced to 

5y'2_2>v/6a/-hl0=0, 

where C'=5, D'=-2>v/5, E'=:0, F=10; 
hence the formula 

V ^ 207 "" C (, "^D'^^^C'DV 
gives y'^=*^/5(a/->/5), 

showing the latus rectum 4a =|^ a/5, and the coordinates of 
the vertex — VS and 0. 

Ex, (4). Trace the curve y^x — x^. 
We have here aj*+y— aj=0. Substitute y' for x and a/ 
for y ; then 

where C'=l, D'=l, E'=-l, F=0; 

hence the formula in the preceding example gives 

(y'-i)*=-('«'-i); 

now replacing y^ hj x and x' by y, we have 

which is the equation to a parabola, having its axis parallel 
to that of y, the coordinates of its vertex ^ and ^, and its 
latus rectum 1. 

Ex. (5). !DQ=Z is a horizontal line, and DO=jp a perpen- 

ox M N X 



^ 


1 


X 


nTje"""''""'"--^ 




Yj 

T 
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dicnlar erected upon it. A cord OPQ, fixed at O, is drawn 
over the point Q, while at P a weight, finely suspended, 
slides along the cord. Required the locus of P. 

Let the coordinates of Q be ON=Z, QN=^ ; and let those 
of P be OM=aj, PM=2/. 

The triangles 0PM, EPQ being similar, gS=^» 

that is, _ZL.sr:5L!~£, 

X y 

ar2xy^jpx—ly=0. (1) 

Here A=0, B=:2, C=0, D=: -p, E=- 1 ; hence A=iZ, and 
Jc=^j^ ; and if we put a/+-^Z for a;, and 2/' + ip for y, we have, 
by substitution in (1), 

which is the equation to an hyperbola whose asymptotes 
are the axes of x and y, and in the present instance 
rectangular. 

Accordingly, since ^?p=|^ON'QN, the locus of P is an 
equilateral hyperbola whose centre is C the middle point of 
the diagonal OQ, and its transverse axis A'A making with 
DQ an angle QFA=45°. 



Exercises [G]. 

1. Shew that the equation 3a^— 4aj=a* will become 
a-a— 9y2-_2a2, by turning the axes through an angle whose 
tangent is 3. 

2. The equation to a rectangular hyperbola being «*— y* 
=(1^ ; transform that equation by turning the axes in the 
negative direction through half a right angle. 

3. Find the locus represented by the equation 

4. Find the axes of the curve x^+OBy+y^^zl. 

5. What is represented by the equation 

9a52-30ajy+252^H21»-35y+10=0 ? 



84 CONIC SECTIONS. 

6. Determine the axes of the carve which is the Ioctls of 
the equation 

7. What is represented by the equation 

2/2-2aJ2^-a;2 + 2=0? 

8. Determine the nature and position of the curve repre- 
sented by the equation 

x^--2xy+y^-8xi-16=0, 

9. What is the geometrical construction of the following 
equation : 

2^2 _2a52/+a;2-27/-2aj-3=0 ? 

10. Find the axes and position of the curve represented 
by the equation 

Sx^^2xy + y^—4x+2y^S=0. 

11. The base of a triangle is =2n, and the difference of 
the angles at the base is 30°. Find the locus of the vertex. 

12. Shew that the lines drawn from the angles of a 
triangle perpendicular to the opposite sides meet at a point ; 
and that the locus of that point, for all equal triangles on 
the same base, is a parabola whose latus rectum is the alti- 
tude of the triangle. 
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Answers to the Exeecises. 



[B]. 
1. 7aj+8y=19. 2. 19aj-lly=132. 

3. 3aj=7i/ ; and 3aj—7y=ll. 4. Sx-^by-20. 

5. 10% + (448±305 V3)aj-5(1102±305 v^3) =0. 

6. 20. 7. 35. 9. |. 10. 4B + 5y=0. 11. 1383^. 
12. 383. 13. Taking (a/, y') for P, and (»", 2^") for Q, 

area=i(«'y-a/i/'0 ; OP, OQ, PQ, =13, 15, ^58. 
14. (2, 3), (5, 2), (-8, 28) ; aa'ea=32i. 15. 2/=^aj+f| ; 
DE is paraUel to AC. 16. (a'-a)!/— (6'-6)»-a'& 
+ a6'=0; and (a'— a)y + (&' — &)»— a'6'+a5=0. 

17. The eqn. to OR is aj=0 ; QR, 4y-3aj=56 ; 

PR, 5x+12y=zlQS; area of paral°*=168. 

18. y=-3aj+9; Sy=:x+7 ; 2^=-3aj-fl4; Sy=x+12. 

19. 391»+187y=2184. 21. tan CAB=m'; tan. CBA 



m-^m' AT* 



= — wi; tan ACB=^i ; ; AB=— ; 

l-\'inm m 



cm! 



AC=— ^^/(l+m'«); BC= /'" ,. ^(l+m«). 

[C]. 

1. The radius and the coordinates of the centre are, (i.) 7 ; 

3 and 4 ; (ii.) 3 ; —1 and —2 ; (iii.) 4 v'S ; 3 and 9 ; 
(iv.) ^/t> ; — i and 1. 

2. (i.) (5, 3) and (-3, -5) ; (ii.) (2^, -6*) and (-.3, 5). 

3. (i.) The line is a tangent to the circle at the point 

(1^, — 1^) ; (ii.) The line meets the circle at the point 
( — ^1, 0), which is an extremity of the diameter in the 
axis of JB, and at the point (— :5*r, — tt)* 
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4. (i.) Origin on the circnmf. ; points of intersection (24, 

10), which is an extremiiy of the diam. through the 
origin, and (3*84, — 512). (iL) Points of intersection 
(6, -3i),(4, -5). 

5. y-6=m(aj-a) + CA/(l+m2). 6. 32. 

9. The centre is on the axis of x at ^^"^~ a from the 

m^ — 1 

origin; the rad.=— ^ — -a: coordinates of points of 

m^— 1 

intersection with the axis of x are «= — — =- a and 

m— 1 

m— 1 

aj= -a, 

11. as«+2/2=:2i. 12. aj2+2^*-aaJ=c2-ia>. 

13. c=±iV2(a-5). 14. »2+ya_^^(a,«.^)=0. 

[D]. 

1. (i.) i; (ii.) i-,/10 ; (iii.) H. 2. e=i^2. 

3. li and f v/15. 4. y+ae^=z - . 5. 21 and 15. 

10. 3y + -v/5aj— 9a=0 ; the intercept on the axis of ^ is 3a ; 

that on the axis of a; is -p- V5. 

6 

[E]. 

Q TO 

2. 6=4^/10; lat. rect.=3a. 5. ---— -=1. 

7. An hyperbola, if N be between A and B, and be not the 
midie point of AB. K N be on AB produced, the 
locus is an ellipse. 
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in 

1. An angle whose tangent is ^. 2. ^. 3. 5a. 

5. 8a\/2. 6. A parabola of whicli a tangent to the 
circle at A is the directrix, and the centre of the circle 
is the focus. 

[G]. 

2. aj'2/'=Ja2. 3. Two parallels, each inclined to the axis 

of a; at an angle whose tangent =—f, and whose dis- 
tance from each oiheT=+-^^/lS. 4. Axes of the 
ellipse, 2a=f >v/6, 2&=2 v^2. 5. Two parallels whose 
eqns. are y=|aj+|^ and y=fa; + l. 6. Axes of the 
hyperbola, 2a=2^/2, and 26=2. 7. A rectangular 
hyperbola, each seniiaxis=2^. 8. A parabola ; the 
coordinates 1^ ^2 and — V2. 9. A parabola ; latas 
rectuni= ^2. 10. An ellipse ; the coordinates of 

the centre ^ and — ^, and the axes l-^'/2+ V2 and 

1Ja/2-V2. 

11. An equilateral hyperbola whose axes are each=^\/2ti, 
and whose transverse axis makes with the base of the 
triangle an angle =30°. 
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Works hy the same Author. 



MODERN ARITHMETIC. A Treatise adapted for School 

Work and for Private Study. Containing numerous Improvements In aid of 
the Preparation of Candidates for Public Examinations. . . .12mo. [Nearly ready. 



EXERCISES in the FIRST FOUR RULES of ARITH- 

METIC, constructed for the Application of New Artificial Tests, by which the 
Teacher may expeditiously ascertain the Correctness of the Besolts. Third 
Edition 12mo.6cl. 

in 

SOLUTIONS of QUESTIONS in ARITHMETIC and 

BOOK-KEEPING used in the Civil Service Examinations of 1862. and published 
in the Appendix to the Eighth Beport of the Commissioners : with aSuppLXXSNT 
containing Esiamplea in Account-States, &c 12mo.l«. 6d. 

IV 

MERCANTILE EXERCISES in ADDITION of MONEY 

and in the CALCULATION of PEB-CENTAGBS ; including numerous 
Examples of a General and Simple Method of treating Fer-Centage Problems, 
-with Answers to the Exercises 12mo. li, 8d. 

to impart. The instructions and exercises 
here supplied, form a useful supplement 
to the ordinary arithmetical work in 
schools, besides affording help to candi- 
dates preparing for any of the various 
SubUc examinations in which Addition of 
(oney forms the subject of a special 
paper, and in which Problems in Per- 
centages form a prominent feature of the 
miscellaneous paper. 



The publication of this manual is the 
result of a conviction that, in a course of 
training for clerkships in Government 
offices, mercantile houses, &c. there is 
wanted a means of attaming a more 
thorough mastery of the general prin- 
ciples of per-centage calculation, and a 
more ready power of totalling long 
columns of money, than any of the pub- 
lished treatises on arithmetic are fitted 



PROGRESSIVE EXERCISES in BOOK-KEEPING by 

DOUBLE ENTBY, including Account-States, Partnership Accounts, Private 
Journal, and Ledger, &c 12mo. l«.6d. 

* One of the most practical instructors in the art of double entry All schools 

should have it.' John Bull. 

VI 

EXAMINATION-QUESTIONS in BOOK-KEEPING by 

DOUBLE ENTRY, preceded by fuU Directions for the True Stating of Dr. and 
Cr. : with Answebs, providixig the means of solving all the Problems and 
Exercises relating to Account-Books in the Civil Service and other Examination- 
Papera 12mo. 2«. 6d. 



' This volume is based on the exami- 
nation papers published in the reports of 
the Civil Service Commissioners, which 
supply an excellent means of tuition and 
discipline. Some of these papers, how- 
ever, although presenting in a small com- 
pass a great variety of transactions, and 
such as occur in actual business, still 
leave many who have gone through a 
course of instruction in Dook-keeping at 
a loss for the technical form and language 
visually adopted in practice. To afford 



help in this difficulty, Mr. Httnter has 
arranged some of the more useful of 
these papers, besides introducing some 
original questions and examples : and he 
has added answers to the whole, as a 
source of consultation in case of doubt 
and of correction in case of error. The 
work is adapted for use in schools gene- 
rally, and provides the means of easily 
understanding and correctly treating the 
peculiarities of this department of mer- 
cantile affairs.' 



Works hy the same Author, 



vn 



HUNTER'S EXAMINATION-QUESTIONS and DIREC- 

TIONS, as above, separated from the Ahswxbs • ••••• 12mo.I«. 



vm 



RULED PAPER for the various Forma of Account Books 

required in HinrrKB's Examination-QaestionB in Book-keeping. 5 Borts. pcloe 
1«. 6d. per Quire. 



IS 



EXAMINATION-QUESTIONS on COLENSO'S ELE- 

MENTSof ALGEBBA.VaxtI i 12mo.2«.6d. 



*Tho8S teachers who use the Fibst 
Pabt of CoiiBirso's Algebra^ but who are 
unable themselves to prepare examina- 
tion questions thereon, nave to thank Mr 
HuKTSB for doing this very thoroughly 
for them. He haB appended some ele- 
mentary exercises, suggested the re- 



arrangement of several seta of exercises 
in CoLBNSo, and added a useful dassifioa- 
tion of problems in simple and quadratic 
equations, as well as examples of the 
application of algebra to geometrical con- 
structions.* MnSBTTK. 



TREATISE on LOGARITHMS : With Copious Tables of 

Selected Logarithms ; explaining simply the Nature and use of Logarithms and 
Logarithmic Tables, the Principles and Methods of their Construction, and their 
Application : With numerous Examples and Exercises 18mo. 1$, Sjey, 9i, 



* This treatise is likely to be useful. It 
has plenty of examples.' t ATHBNiBUX. 

'Its simplicity and clearness recom- 
mend this elementary treatise as a useful 
introduction to the study of logarithms 
generally, and especially as a preparation 
for more elaborate works on the subject.' 
Educational Tucks. 

'Mb. Huktkb in the present treatise 
explains in as simple a manner as pos- 



sible the theory and practice of loga- 
rithms, a knowledge of which is now 
frequently required in candidates for 

Siblic examination, in addition to being 
ught in the higher classes of schoolC 
The little volume forms one of the well- 
known series of cheap school-books edited 
by the Bev. G. R. Gubio which have ren- 
dered such valuable aid in the work of 
elementary education.' 

MiBLAND GoTmnas Hwkat.h. 



XI 



ELEMENTS of MENSURATION, simpHfied for the use of 

Beginners ; with numerous Original Problems and Progressive Exercises. New 
Edition, Bevised and Stereotyped 18mo.9d.— KxTtM. 



xn 



ELEMENTS of PLANE TRIGONOMETRY, for B^- 

ners ; with numerous Problems, and Tables of all the Natural Sines, &c. required 
for the Solution of the Exercises ISmo. U.— Ksr, M. 



zm 



TEXT-BOOK of ENGLISH GRAMMAR : a Treatise on 

the Etymology and Syntax of the English Language ; including Exerdsei in 
Parsing and Punctuation : an Etymological Yocabuluy of Grammatical Terms ; 
and a copious List of the principal Works on English Grammar. New Edition, 
and thoroughly Bevised • '••••••12aio.2s.M. 



Works by the same Author. 



XIV 



KXEECISES in ENGLISH PARSING, Progressively 

arranged and adapted to the Author's Text-Book of SnalUh Qrammar\ wit^ 
Qaestiona sTiggesting a Course of Oral Instruction for Junior Pupils Tenth 
BdiMon 12mo.6(i. 



XV 



PAEAPHRASING and ANALYSIS of SENTENCES, 

■ixDpIifled for the use of Schools, forming a Manual of Instruction and Exerdsa 
for the vae of Students, Teachers, &c.* 12mo. 1*. Sd.— Kst. 1*. Sd 

XVI 

SCHOOL MANUAL of LETTER WRITING : Containing 

numerous Models of Letters on Commercial and other suhijects ; with Exercises in 
Epistolary Composition, Rules of Punctuation, Explanations of Abbreviated 
Titles, Commercial Terms, &c. Second Edition 12mo.l«.6d. 

Manwa of Letter Writing is a work which 
should be introduced into every school 
where English composition is taught. 
The genuineness and modem style of the 
various commercial letters included in 
the present collection recommend them- 
selves to the special attention of youths 
destined for mercantle life, as an excel- 
lent means of promoting in their mindi 
an aptitude for the pursuits of business/ 

Pupil Tsaohxb. 



'This is one of the most serviceable 
books that have of late years been added 
to those in ordinary school use. Teachers 
have lozig experienced the want of such a 
book. The compilations called Letter 
Writer* are, for the most part, such as 
might, without any loss to society in 
general, or to schools in particular, be 
consigned to everlasting oblivion. On 
the wa&t hand. Mr. Huntbb's School 



xvn 



INTRODUCTION to the WRITING of PRECIS or 

DIGESTS, as applicable to Narratives of Facts or Historical Events, Corre- 
spondence, Evidence, Official Documents, and General Composition: with 
numerous Examples and Exercises. Fourth Edition 12mo. 2«.— Eet, 1«. 



To this edition a new chapter has been 
added, to explain and exemplify that 
kind of precis or abstract which reduces 
a series of letters or other detached 
pieces to a continuous narrative: a 



branch of precis-writing in which Candi- 
dates for the Civil Service Examinations 
are now generally required to possess 
readiness and pronciency. 



xvm 



JOHNSON'S RASSELAS, with Introductory Remarks, 

Explanatory and Grammatical Annotations, Specimens of Interrogative Lessons* 
Answers to Examination Questions, &c....« 12mo. 2«. 6d. 



XIX 



BACON'S ADVANCEMENT of LEARNING, Anno- 

tated Sxmmiary of iBooxs I. and II. with numerous Extracts from the Work and 
Specimens of Examination-Questions (ISmo. 2«. 



XX 



EXAMINATION-QUESTIONS on the FIRST TWO 

BOOKS of MILTON'S PARADISE LOST, and on SHAKSPBABE'S JfSB< 
GRANT OF r£^/C^, for the use of Middle-Class Candidates Umo.lf. 



SELECT PLAYS of SHAKSPEARE, with Explanatory 1 

ud niiuteatlTe Not«, Critlol Bamvh!, [uid other Aide to a thoioiigh usda- I 
■MndliiB oE Mob Unuia. Edited leu Lte uise of Bchoola and Pupils ptepuinK tOi J 

HENBT vm. j HE8CHAHT of TBtJlCB. I THE TEMPBai 

jtnjus c2eaAS. \ eajilbt. | kinc lba£. 

intheCiTll Ser- buing pliu»d aide b; side, Tberesderli 

Autlior i ha ^ndo^iy oonCrt, „ 

of ausMng nhat hs le&ds i and *» t^ A 

dny.of bistEigdl9»tiaaod.aiileBihe^ii8ll 



Jdnd of Mhool-boot aito^Hlliar ti|jw — 
proubmulMioEiaQf EnEllKhiiocui- Ttivs 
muf of Ihajfiut uf Skaebpfahe and 

■elunr oompiBhBiuioQ— liu ve baoq robbed 
of thfllr mfoial dm^, and bavo booD in- 



BOOKS I. and IL of MILTOiTS PAEADISE LOSI:\ 

Oaadidalei Umo. ptiae li. 

•TBXoimmmiMmeiitDt th« UniTenltT aloarly pointed ont V Ur. Bii3t>b,|A 

tA Oxfnd, thit tbe Tutar Booi of Faro- ho ssjn : " It ia > v«y DTOfanr'* — 

Ait Lott KOnld fono a laliiBat oo wUcli " BbonndinK la nnsipUoit, t 

loillill wmMIWMm toe the Klddle-Gltug "tbonKbC, ooptonilr cbenoM: 

■mmiBttfona mmt b« prepued. sas- ' imiutloiu of tha aaiiiPHitlT-, — 

gMted tta ptwant ■ttempi io proTltls a " oal, aid idiomUio nractma of lb H 

vuana of jrnmukoa and iutruotkiD fot "aioat lanirnasaa of Grai' ' " " — 

the ApAotaT pnpiAbioa of anoli oaadl- " and afflneiLt tn allasio 

datoe, 1^ at thfl Bame tlma a bsboolbook ''history, tahlo, and roi 

of general ntiH^, To this Axplanation "therefore, a bard book : 

of toe orlglu and ol)jHt of tbabookbe- "reader, and a BtiiL^ f<ji 

toreuB.ire hare onJ; to add oui Bino«r« "aaholar." Tho dilUcnll.ir 

iriiV ttaatit nurhaFaaoiniilAtlon com- tliia pAaaatfo will be toond xo bo all 

moHinteiil^ltamalU, In thatonu, graatlTdiiainitlied. or entirely remo._„ 

ths flnst «lo poam In ths Entflih iMl- IntluToliuDelKfDreni, thnarendeilnii] 

nan, iridoh tan mm lor tti ■uthrU' KB lamtlioi and inteUlient acqnalscan''* 

fiupnUuSla launra, iriU ba te mon irith the flnt Iwo^ aE leaat ol Paragt 

exMnstnlriMaaiidaiipnolatad (haa it XsU ■ nock of oomparatii 

hnwtlwwn.wninmrthtmirlioharo sreiBdmHiH thus lar wl' 

noetnd nut ta (OBnllT nndantood to seed of a atinmlaa Ta iicirii 

to be a good addoattoD, The iThief reaaon tho rom^nder of the i>oein 



vhom tba ^^T^Kity If Iddle Claas esA- 
mlnotlona navo caJIod ont. In plaoe q\ 

Indodnotion ooplona eitiacta from tb« 

OTlOObDB of WaSIVB. JOBHBOH, UaiLAD. 

II*aaDUi.andJuiisMon'RKiaEEi;and 



lire. The planof eiplalDlBf 



J, thi> edition, wblob u 



traeta pretlxed ooavaj a Jaat a 
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London LONGMANS, GEEEN. and CO. PatemOBter Eow. 



REDUCTION IN THE PRICE OF LAURIE'S GRADUATED 

ENGLISH READING BOOKS. 



* Mr. Laurie's excellent Graduated Series of Reading-Leuon Books has met 
with great and well- deserved success.' ATHENiBUM. 

Complete in 5 Books, with New Fbimeb, price 8^. Id. 

THE GEADTJATED SEEIES 

OF 

EEADING-LESSON BOOKS 

WITH EXPLANATOBY NOTES, ADAPTED 

AS A PBOGhRESSIVE COUBSE OF BEADING, FOB ALIi OXiASSEB 07 

ENGIilSH SCHOOIiS, INSTITTJTIONS, AND FAMlIiIES. 

Edited by J. S. LATJEIE, 

LATELY ONE OF HER MAJESTY'S INSPECTORS OF SCHOOLS. 



Messrs. Lonomaks and Co. beg 
leave to announce the reissue of 
Mr. Laurie's Graduated Series of 
K finding Books hi considerably reduced 
prices. They also have to announce 
that to render them at once more com- 
plete, and better suited to the present 
requirements of Inspected and other 
Schools, a new Primer suited to Stan- 
dard I. of the Revised Code has been 
added to them by Dr. J. D. Morbll, 
one of H.M. Inspectors of Schools ; 
and a careful selection of poetry ap- 
pended to Books III. and IV. All the 



books have been soveral times re- 
printed, and new and revised 
editions are now ready. 

The Graduated Series in its present 
form not only comprehends a far 
greater quantity of matter than any of 
the other Standard Reading Books— 
but presents a variety of Readings on 
Historical, Geographical, Scientific, 
and other Miscellaneous Subjects; 
Avhich have been acknowledged to be 
unequalled by an^ similar publication. 
The prices at which the Series is now 
oflfered are the following :— 



Elementary Reading Book, or Primer, by Dr. J. D. Mobell, 

suited to Standard I. pp. 60, price 2d. sewed, or 4d, cloth... 0^. 2d. 

Book I. suited to Standard II. pp. 192 Os. 8d. 

Book II. suited to Standards IIL and IV. pp. 254 1*. Qd. 

Book III. suited to Standards IV. and V. pp. 312... 1*. 6d. 

Book IV. suited to Standard VI. pp. 440 2*. Od. 

Book V. comprehending Headings in the best English Litera- 
ture of the present day, pp.496 2#. 6d. 



!raking into account the amount 
of matter here presented, and the fact 
that ample materials for Standards 
111. IV. and V. are contained in two 
of the above volumes (so that it is not 



necessary to purchase a new book 
for every separate Standard), the 
Graduated Series are amongst the 
cheapest Reading Books ever offered 
to the public. 



* We have had occasion to speak in terms of the highest approbation 
of two or three volumes of the Graduated Series of Reading-Lesson Books, The 
fifth and last book of the series, now before us, shows how excellently the plan 
adopted in the arrangement of the books preceding it has been calculated to lead 
the pupil onwards to a full appreciation of these complementary selec- 
tions from the higher branches of literature. Steadily, yet surely, the pupil 
has been led onward from the simplest narratives, the plainest told tales, and the 
roost lucid descriptions of common objects, to a point in which exactly similar 
departments of literature are represented by specimens from thA'«^'t>i&^v ^^stssA. 
of the finest writers of the last and present centvix^ .* ^^-^i^^VL-w^KW. » 

London: LONQMAM, GREE^, osxai CO* ^^'<»^^^'^^"** 
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